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SU M M A R Y.
D o u b le -la y e r grids are a re la tiv e ly  new form of three-dim ensional 
skeletal structure which have come into use during the last two decades or so. 
They are usually m eta llic  structures used to provide a fla t cover for large 
unobstructed areas.
The exact analysis of d o u b le -layer grids, even w ith  the aid of an 
e lectron ic  computer, is an onerous task and approximate methods are often  
used instead. The approximate methods developed have the ir drawbacks, 
th e ir re lia b ility  has not always been checked and the knowledge about the 
structural behaviour of d o u b le -layer grids stiH remains lim ited . In this thesis, 
the structural behaviour of a type of d o u b le -layer grid is investigated by exact 
analysis and suitable approximate methods are developed.
The results o f exact analysis for a large number o f d ifferent conditions 
are presented in .Chapter Two, and lead to certain  important conclusions about 
the structural behaviour as given in Chapter S ix .
In Chapter Three an orig inal method is developed for approximate analysis 
of d o u b le -layer grids. The formulation is general, suitable for e lectron ic  
computation and results in substantial savings. A  computer programme was 
w ritten  to check its re lia b ility , and the errors were small in a ll cases considered.
The technique developed in Chapter Four consists in deriving a simple 
in terpolation function, which can be used to approximate the displacements 
and forces in the grid for d ifferent values o f a variab le  feature in the g rid . It 
provides a means to study the structural behaviour of d o u b le -layer grids and 
other structures, and is suitable to be used in optim ization processes.
An experim ental investigation carried out as a counter check on the 
experim ental analysis is presented in Chapter F iv e .
Details o f the computer programme and a computational technique  
developed for the exact analysis of the grids are given in Appendices 
A  and B.
Appendix C contains a paper, the m aterial o f which is associated 
w ith  the method developed in Chapter Three.
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CHAPTER O N E  
IN T R O D U C T IO N
Section 1 -1 . D o u b le -layer Grids as a Structural Form.
D o u b le -laye r grids are a re la tiv e ly  new form of three-dimensional 
skeletal structure which have come into use during the last two decades or so. 
They are usually m eta llic  structures used to provide a fla t  cover for large 
unobstructed areas such as industrial buildings, exh ib ition  halls and so on .
There is a varie ty  of d ifferent configurations and they have been used for a w ide  
range of d ifferent functions. Some configurations o f d o u b le -layer grids are 
shown in Figs. 1-1 and 1 -2 , and are denoted by type G l ,  G 2 , . . . ,  G 6 , for 
ease of reference. D eta iled  accounts are given in Refs. 14, 15, 16 and 17.
A  d o u b le -layer grid can be described as two plane grids in two 
p ara lle l planes, referred to as the "top layer" and the "bottom laye r" , in te r­
connected together by "bracing members". The members forming the top and 
bottom layers are referred to as the "chord members", and in each o f the two 
layers they lie  on two or more sets of intersecting p ara lle l lines. In genera l, 
the two layers are not o f identical layout, and the interconnection of the top 
layer and the bottom layer by the bracing members results in a form of pyram idal 
units w ith  triangu lar, square, or hexagonal bases, connected together at the 
apexes. In the special case where the two layers have an identica l layout, 
the structure consists then simply of the intersection o f two or more sets o f p a ra lle l 
la ttice  trusses and it would be more appropriate to refer to as " la tticed  grid"
(grids types G l  and G 4 ) . This is the simplest form of d o u b le -layer grid from 
which more complex configurations were developed, as for instance the 
configurations o f grids types G l ,  G 2 and G 3  were evolved from each other in 
this order.
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F ig . 1 -1 . Examples of Two Way Double Layer Grids.
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Fig. 1 -2 . Examples of Three Way Double Layer Grids,
F ig .  1 -3 .  A  M ode l o f Double Layer G r id  Type G 3 .
In the case where each o f the top and bottom layer consists m ainly o f 
two sets of p ara lle l lines (usually intersecting at a right an g le ), the structure 
is referred to as a "tw o-w ay d o u b le -layer g rid " , examples o f which are shown 
in F ig . 1 -1 . The configurations shown in F ig . 1 -2 , where each o f the top and 
bottom layers is formed by the intersection of three sets o f p ara lle l lines (usually 
intersecting at 6 0 °) are referred to as "th ree-w ay d o u b le -layer grids", and the 
configuration shown in F ig . 1 -2 -c  could be referred to as a "hexagonal do u b le - 
layer g rid " , in this thesis, special reference is made to the "tw o-w ay double­
layer grid" type G 3 , a model of which is illustrated in F ig . 1 -3 .
F in a lly , a number o f terms which w ill  be used in the thesis are defined  
here. The distance between the top and bottom layers w ill be referred to as 
the "height" o f the g rid , and the angle that the bracing member makes w ith  the 
planes of the top and bottom layers as the " in c lin a tio n " o f the bracing member. 
The number of pyramidal units forming the grid (along one side o f the grid) w ill  
be referred to as the "layout density". For b rev ity , a plane p ara lle l to the 
planes of the top and bottom layers w ill be referred to as the "plane o f the g r id " . 
As the grids are usually used as horizontal roofs, the terms horizontal and 
vertica l w ill be sometimes used to refer to directions p ara lle l to , and normal 
to the plane o f the grid respective ly . '
Section 1 -2 . Analysis and Assumptions.
D o u b le -laye r grids in the most general case where members have bending  
and torsional rig id ity  as w e ll as ax ia l r ig id ity , and are rig id ly  connected at the 
joints, can have six degrees o f freedom at each joint (three~clisplacement com­
ponents and three rotation components). A  general system o f external load 
(forces and moments) could then be app lied , and the members w ill in general 
be under the action o f a x ia l forces, as w e ll as bending moment, torque and shear.
However, the geometry of d o u b le -layer grids is usually such that the 
structure is stable when the members are assumed to have ax ia l rig id ity  only  
and to be p in-connected  at the joints. Under these assumptions, the structure 
can then have three degrees of freedom only at each jo int (three displacem ent 
components), and the members w ill be under the action o f ax ia l forces o n ly .
External loads should then be applied as an equivalent system of forces acting on 
the joints. The analysis o f the grid consists then o f finding the ax ia l forces in 
the members (and the reactions at the supports), and the displacement at the 
joints (the displacement components normal to the plane o f the grid being usually  
the ones o f main in terest). These assumptions are commonly used and accepted  
for two reasons. First, the geometry of d o u b le -layer grids and practical sections 
used in the members are such that the behaviour of the structure is considered to 
be m ainly governed by ax ia l forces, w h ile  bending, torsional and shearing forces 
are considered to be secondary, and the ir e ffec t is considered to be n e g lig ib le . 
Second, considering three degrees of freedom on ly , reduces the computational 
effort tremendously.
M oreover, d o u b le -layer grid structures are considered to be e lastic  and 
to behave lin e a rly , and are usually analysed as such.
The above assumptions of e lastic linear analysis, w ith  the members having  
ax ia l rig id ity  only and the joints having three degrees o f freedom (three d isp lace­
ment components), are presumed throughout this thesis, and such an analysis is 
accepted as an "exact analysis".
Nevertheless, even w ith  the above assumptions and the use o f modem  
methods of structural analysis and e lectron ic  computers, the analysis o f double­
layer grids remains a d iffic u lt task. This is due to the fact that practica l 
d o u b le -layer grids have a large number of joints and members, (nam ely hundreds 
and even thousands of joints, and roughly three times as many members) and the 
analysis by an exact method such as the " f le x ib ility "  or the "stiffness" methods 
(see for instance Ref. 13) requires the solution o f a large number o f simultaneous 
equations. In the f le x ib ility  method, the "connection m atrix" has as many rows 
as there are members, and in the stiffness method the "stiffness m atrix" has as 
many rows as there are degrees of freedom . In e ith er case, the number o f 
simultaneous equations is roughly equal to three times the number o f jo ints. The 
problem could still be considered im practicable even in modern computer standards, 
e ith er because the grid is too large for the computational fa c ilitie s  a v a ila b le , or 
because such a solution is too costly.
Consequently, previous researchers have often concentrated on developing
special approximate methods, in which some further assumptions to those accepted  
at the beginning of this section are introduced in an attempt to sim plify the 
analysis, and the study o f behaviour and design o f d o u b le -layer grid structures 
has often been based on such methods.
Section 1 -3 .  Past Research.
The past research on d o u b le -layer grids is b rie fly  reviewed here and 
for convenience, is a rb itra rily  d ivided into the study o f the behaviour of the 
structure, and the development o f special approximate methods o f analysis .____
The study of the behaviour of d o u b le -layer grids, showing the 
distribution o f forces and deflections for a w ide range o f cases is to be found in 
Refs. 15, 16 and 18. These works besides being the earliest in this f ie ld ,  
considered exact analysis even at a time when general computer programmes were  
not read ily  a v a ila b le , and the analysis had to be carried out e ith er fu lly  by hand 
or by using the electron ic  computer to solve a system o f simultaneous equations 
the coeffic ients o f which had to be obtained by hand com putation. A nother 
interesting study of the structural behaviour is found a t a la ter date in Ref. 29  
where the e ffic ie n c y  o f d ifferent grid configurations is compared, a fte r o p ti­
m izing on the w eight o f the m aterial w ith  respect to the height o f the grid and 
the cross-sectional area o f the members. The analyses were carried out using 
fu lly  the e lectron ic  computer and an exact method, although the computer 
fa c ilitie s  were lim ited and required complex programming. A selection o f other 
cases based on approximate methods are found in a number o f d ifferent papers.
The approximate methods o f analysis specia lly  developed for d o u b le -  
layer grids may be subdivided into two main types, "analogy methods" and 
"fin ite  d ifference methods".
a) A nalogy methods. In the analogy methods, the d o u b le -laye r  
grid is replaced by an analogous structure, such as a plane  
grid ("grid  analogy", Refs . 16, 18 and 2 9 ), o r a  p late  ("p la te  
ana logy", Refs. 11, 16,. 18 and 3 2 ). An equ iva len t bending 
rig id ity  is assumed a p rio ri, and is used in analysing the analogous 
structure. The moments, shears and deflections thus obtained ,
are considered to be an equivalent system to the forces and 
deflections in the d o u b le -layer grid , and are used to obtain  
approximate values to them .
b) F in ite  d ifference methods. In the fin ite  d ifference methods 
(Refs. 8 , 23  and 2 6 ), stiffness equations (usually w ith  the joint 
displacements as basic unknowns) are set up in fin ite  d ifference  
form, taking advantage of the grid repetitive  pattern . The 
solution of the equations yields the displacements o f the joints; 
the a x ia l forces in the members are then found, knowing the 
members stiffnesses and end-displacem ents.
The characteristics o f these approximate methods are now b rie fly  exam ined, 
w ith  reference to the ease of ca lcu lation  and the approximations invo lved .
In the grid analogy, it is re la tiv e ly  easy to define an equ iva len t plane  
grid for the grids types G l  and G 2 for instance, w ith  a fa ir  representation o f 
the geom etry, but such an analogy would not apply for a configuration such 
as in grid type G 3 . The positions of the supports, and the positions and magnitude 
of the external loads can also be easily  represented. In assuming an equ iva len t 
rig id ity  for the members o f the plane grid , the e ffec t o f the chord members o f the 
do u b le -layer grid is taken into account, w h ile  the e ffec t o f the bracing members 
is usually ignored. The approximations involved could be accep tab le , con­
sidering the substantial savings in the number of simultaneous equations to be solved. 
The analysis o f the plane grid however, presumes the use o f an e lec tro n ic  computer 
and a general programme and would usually be im practical w ith o u t.
In the p la te  analogy, thin p late  theory is usually assumed. Shear 
deformations are then ignored, and the e ffec t of the bracing members and the 
height o f the grid cannot be accounted fo r. As the equations describe a continuum, 
they approximate a very dense layout and cannot account for the e ffe c t o f the 
layout density. For a configuration of the type G 2 for instance, an equ iva len t 
orthotropic p late could be used. F o ra  number o f lim ited cases, a general 
solution is ava ilab le  and a reasonable approximation could be obtained , even  
by simple hand com putation. However, in other cases the problem is more 
complex and the resulting equations may not have a general closed solution.
A  numerical solution is then carried out, using fin ite  differences to solve the 
d iffe ren tia l equations, in other words, one is approximating a skeletal 
structure by a continuum, and then obtaining an approximate solution o f the 
continuum by using fin ite  differences; this is a long w ay round involving  
a double approxim ation. It is interesting to note, that w h ile  in the pre­
computer days it was sometimes practical to approximate skeletal structures 
by d iffe ren tia l equations for which a solution is a v a ila b le , w ith  the advent o f 
e lectron ic  d ig ita l computers the trend tends now to be reversed to approximating  
a continuum by a skeletal structure.
The fin ite  d ifference methods have usually sim ilar characteristics to 
the p late analogy methods. Although the e ffec t o f the inclination  and cross- 
sectional area of the bracing members could be included in the derivation o f 
the fin ite  d ifference equations, they are usually e lim inated  at a la ter stage 
before the solution o f the equations. In some methods the equations are solved 
d irec tly  using the fin ite  d ifference calculus, w h ile  in others the fin ite  d ifference  
equations are then approximated by d ifferen tia l equations (using Taylor's series 
expansion) and solved as such. In this la tter approach, the layout is then assumed 
to be in fin ite ly  dense, not accounting for d ifferent layout densities. It is worth  
noting, that although the resulting d iffe ren tia l equations may in some cases be 
sim ilar to the equations o f a p la te , the method remains basically d iffe ren t from 
plate  analogy where a certain equivalent rig id ity  was introduced a p rio ri. In 
e ith er approach, d ifferent configurations and conditions (boundaries, supports, 
loads, e tc .)  would require separate formulation and solution. The cases which  
can be solved remain lim ited to a re la tiv e ly  small number, and sometimes the 
resulting equations are of too high an order to be practicab le  (namely sixth, 
eighth and even tenth order in the grid type G 3 ) .
Section 1-4 . O b jec t o f the Present Research.
Summarizing, the work done on d o u b le -layer grids consists m ainly in the 
study of the structural behaviour on the one hand, and the development o f  
approximate methods of analysis on the other hand.
Although a lot of researchers were interested in the behaviour o f d o u b le -
layer grids, for a number o f reasons the fie ld  covered is far from being com plete. 
First, d o u b le -layer grids have been in existence only for a re la tiv e ly  short 
period . Their appearance coincided w ith  that o f the electron ic  computers, and 
in it ia lly  maximum advantage was not gained from using the computer. Second, 
due to inherent d ifficu lties  in the analysis of d o u b le -layer grids, researchers 
were diverted towards developing special approximate methods; such methods 
usually could not take into deta iled  account the e ffec t of a number o f variables  
and most usually the e ffect of the layout density and the bracing members.
F in a lly , considering that the behaviour of such complex structures cannot be 
expressed in terms of a general expression but only by obtaining numerical 
solutions for individual cases, and noting the large number o f possible configura­
tions and conditions, it  is not surprising that there is s till a lot to be learnt about 
this group o f structures.
W ith  respect to the analysis, the d ifficu lties  o f exact methods suggest 
the use o f an approximate method. However, although in some cases the 
approximate methods developed could provide a re la tiv e ly  easy and good approxi­
m ation, often the solution is too tedious to be p ra c tic a l, and further th e ir  
v a lid ity  has not been fu lly  checked. O fte n , this is due to the fact that approxi­
mate methods presume a dense layout, w h ile  exact analysis is rather lim ited  to a 
coarse layout, w ith  a gap between the grids that are analysed by the two  
different approaches.
Consequently, it can be concluded that there is s till a need to know  
more in both lines, namely the study o f the behaviour and the developm ent of 
approximate methods. The knowledge of the behaviour, especia lly  by econom ical 
methods, should lead to choosing the most suitable conditions and obtain ing  
economical structures. In this thesis it is then proposed to study:
i)  the behaviour of the structure, and the e ffec t of variations in 
its geometric and elastic  properties. N am e ly , what is the 
effec t of the layout density, and the e ffec t o f the inc lination  
of the bracing members and the ir ax ia l r ig id ity , bn the 
distribution o f forces and deflections in the g rid .
These three features have been chosen as variab le  parameters 
in the study o f the behaviour for two main reasons. First, for
a given grid configuration and boundary layout, the geometry 
of the grid is fu lly  defined by the length o f the grid , the layout 
density and the inc lination  of the bracing members. Considering 
a linear analysis the results can be easily expressed in terms of the 
grid length, and the only independent geom etrical variables are 
then the layout density and the bracing in c lin a tio n . Hence a 
study o f these two variables covers fu lly  a ll the geom etrical 
possibilities. Second, the effects of the layout density, bracing  
inc lination  and cross-section have often been ignored and it would  
be interesting to study these effects .
i i )  how to obtain reasonable approximation o f the internal forces and 
displacements in the grid by less onerous methods.
The fo llow ing points are borne in mind in this thesis. F irstly , 
the study o f the structural behaviour must be based on an exact 
analysis, and that any approximate method which may be developed  
is to be checked w ith  respect to the results of the exact analysis. 
Secondly, in the present day for an approximate method to be 
p ra c tic a lly  useful, it should be e ith er suitable for a quick and 
simple hand computation, or if  an e lectron ic  computer is to be used 
anyway then it  should be suitable to be fu lly  programmed for an 
e lectron ic  computer and tackle  d ifferent cases system atically, but 
be much less costly in time and effort than exact methods. F in a lly , 
the use o f a d ig ita l e lectron ic  computer is presumed, and the 
stiffness method being the most suitable for computer analysis, w ill  
be used throughout the thesis both for exact analysis and for 
derivation o f approximate methods.
Section 1 -5 . The Stiffness M ethod and Basic N o ta tio n .
In this section a b rie f description of the "stiffness method" is g iven . 
D eta iled  account of the method can be found in many books, as for instance 
Ref. 13. The form ulation and notation used here are kept sim ilar (except for 
some modifications) to the ones used in Refs. 13 and 2 0 . The method is 
described for the elastic  linear analysis of skeletal structures, and the structures
are presumed to be supported and loaded at the joints. The reader is presumed 
to be fam ilia r w ith  matrix algebra and matrix methods of structural analysis.
Consider a skeletal structure in general terms, subject to the conditions 
stated at the beginning o f this section. Let the joints be denoted by the sequence 
of numbers 1, 2 , . . . ,  N ,  where N  is the total number of joints in the structure. 
Let the total number of members be M  and a typ ica l member m be denoted by 
its two end-jo in ts  -  say I and J (I < . J) -  w ith  its end 1 at the lower joint number 
and its end 2 at the higher joint number.
To the structure as a whole is a llocated  a cartesian coordinate system 
(o - x -y -z )  referred to as the "structure coordinate system", and to every member 
is a llocated  a cartesian coordinate system ( o ' - x ' - y ' - z 1) referred to as the 
"member coordinate system".
The external load components at a jo int J , re la tive  to the structure 
coordinate system, can be represented by the column vector W j ,  referred to as 
the "jo int external load vec to r" . S im ilarly , the displacement components o f 
a joint J , re la tive  to the structure coordinate system, can be represented by the 
column vector D j ,  referred to as the "jo int displacement vec to r" . Let W  be the 
"external load vector of the structure" containing the joint external load vector 
W j and D be the "displacement vector of the structure" containing the jo int 
displacement vector D j ,  for a ll the joints ( J = l , 2 , . . . ,  N )  of the structure.
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The displacement components at ends 1 and 2 of a member m, re la tive
to the member coordinate system, can be represented by the column vectors
i i
(D ^ )^  and respectively, referred to as the "member end-displacem ent
vecto rs". The internal force components at ends 1 and 2 o f a member m, 
re la tive  to the member coordinate system, can be represented by the column
i t
vectors (P ,)  and (Pn) respectively, referred to as the "member end-force  
1 m Z m 7
vectors".
The equations connecting the member end-forces and the member e n d -  
displacements of a typ ical member m, are referred to as the "force-displacem ent 
relations" and can be w ritten  re la tive  to the member coordinate system in the 
fo llow ing general form
<Pl>m = tDPm + ^
<Pi> m  =  <K 2 1 > m  <D l 5 m  +  ( ^ 2 ) m  ( ^ > m  1 - 2 - b
I I I I
where ( K , , )  , (K 10) , (K 01) and (K00 ) are the "member stiffness matrices" 
M m  IZ m z 1 m z z  m
re la tive  to the member coordinate system.
The force-displacem ent relations given in equations 1 -2 , can be 
represented re la tive  to the structure coordinate system by the fo llow ing two  
equations
<Pl>m = <KllU Dl>m + <K12UD2>m 1-3-°
<P2>m = f<21>m tD l>m +  <K22>m <D2>m
where
(P.) = T  (P.') 1 -4 -ai m m i m
(D .) = T (D .) 1 -4 -b
i m m i m
(K ..)  = T (K .'.) TT 1- 4 - c *
ij m m ij m m
0 , i “  I , 2)
*  the superscript T is used to denote the transpose o f a m atrix
and T is the m atrix which transforms vectors re la tive  to the member coordinate  
m
system into corresponding vectors re la tive  to the structure coordinate system,
and is referred to as the "member transformation m atrix" . The column vectors
(P .)  and (Pn) represent the member end-forces re la tive  to the structure 
I m z m
coordinate system, and the column vectors ( ^ j ) ^  ar>d rePresen^
member end-displacem ents re la tive  to the structure coordinate system. The
matrices ( K , , )  , ( K ,0 ) , (K01) and (K00 ) are the stiffness matrices o f the 
I I m Iz  m z I m z z  m
member re la tive  to the structure coordinate system.
To satisfy the conditions o f com p atib ility , a ll the member ends 
connected to the same joint must have the same displacement vecto r. The 
conditions o f com patib ility  o f a member m at its two ends I and J are then 
expressed in the fo llow ing  two relations
(D l)m  = D| ! - 5 -a
(■ V m  = D J ’ - 5 - b
Relations 1 -3  and 1 -5  y ie ld  the fo llow ing two equations
<P1>m = ^K l l> m D | +  <l<12>m D J 
<P2>m = +  V m  D J
A lte rn a tiv e ly , relations 1 -6  can be w ritten
K D =  P 1 -7
m m
where K is the "member stiffness m atrix" containinq the member stiffness m
matrices, and P is the "member end internal force vector" containinq the member m ^
end internal force vector^ w ritten  in an equivalent expanded form com patible  
w ith  the jo int displacement vector D of the structure.
1 -6 - a
1 -6 -b
Column 1 Column J
K
m
• « •
s •
Row 1
•
(p ',)m1 m
•
Row 1
•
•
•
• • • ( ! < , , )  • 21 m
*•
•
•
* * (K99) ‘ * * 22 m 
•
Row J
11e
O
- •
<P2>m
•
Row J
• •
•
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To satisfy the conditions o f equilibrium  at joints I and J , we must 
have respectively
1 -9 -a
1 -9 -b
(i =  1 or 2)
where in each of the relations, the summation extends over a ll the member ends 
connected at the corresponding jo in t.
The conditions o f equilibrium  for the whole structure require that 
equations sim ilar to 1 -9  be satisfied simultaneously for a ll the joints o f the 
structure
M
m=l
P = W  
m
1-10
where
Relations 1 -7  and 1 -10  give the fo llow ing relation  
K D  =  W
M  
K
1 - 1 1
m=l
m
1-12
is the "stiffness m atrix o f the structure".
Relation 1 -1 1 , represents the load displacement relation for the whole  
structure, re la tive  to the structure coordinate system, and consists o f a system 
of simultaneous equations which can be solved for D to give the displacements 
at the joints.
Knowing the displacements at the joints and the force displacement 
relations o f the members, the member end-forces can be found from equations 
1 -6 , or from sim ilar equations such as
r
= (K 1 l^m TI  D | + t L  d j  1 _ 1 3 - a1 m I 1  m I iz  m m
(Po) = ( k ' , )  TT D. + ( k ' )  T T D .  1 -1 3 -b2 m 2 1 m  m I 22 m m J
Relations 1 -13  are equivalent to relations 1 -6 , and are usually more 
convenient to use, for they express the member end-forces re la tive  to the 
member coordinate system, in terms of the joint displacements re la tive  to the 
structure coordinate system as obtained from the solution o f equation 1 -1 1 .
It is to be noted that th eo re tica lly  speaking, relation 1-11 should 
include the active  degrees o f freedom o n ly . However it is usually p ra c tic a l, 
both from the form ulation and solution point o f v ie w , to consider the equations 
for a ll the possible degrees of freedom in a type of structure, and then modify 
the equations to take account of the constraints (see for instance Ref. 13).
It is also to be noted that s tric tly  speaking, the conditions o f com­
p a tib ility  and equilibrium  at the joints need not be w ritten  w ith  respect to a 
single structure coordinate system common to the whole structure, but w ith  respect 
to "jo in t coordinate systems" which could be d ifferent for each jo in t. U sually , 
these jo int coordinate systems could be chosen a rb itra r ily , and hence they could  
be chosen to be a ll the same and be represented by a common structure coordinate  
system. There are cases, however, where not a ll the joints coordinate systems 
could be chosen a rb itrarily ; a technique treating this case is given in Ref. 2 0 , 
and is used in this thesis whenever the case occurs.
The relations given in this section are general and apply to any type 
of skeletal structure. The dimensions of the d ifferent vectors and matrices, 
however, depend on the type of structure. For the case o f three-dim ensional 
pin-connected structures, these dimensions and the coefficients forming some 
basic vectors and matrices are given here. S tric tly  speaking, the member 
end-force and end-displacem ent vectors re la tive  to the member coordinate  
system are of order three, and the member stiffness matrices re la tive  to the 
member coordinate system, and the member transformation m atrix , are of order 
three by th ree . However, it is usually convenient to choose -  w ithout loss of 
g enera lity  -  one axis o f the member coordinates system (namely o ' - x 1 axis) to 
coincide w ith  the axis o f the member. The components o f the member en d -  
displacement and end-force  vectors corresponding to the o ' - y 1 and o ' - z '  axes 
become irre levan t, and these vectors could then be considered to be o f order one, 
containing the component corresponding to the o ' - x 1 axis only as given in relations  
1 -1 4 .
II
~ 
c
T W i ) 1m x
ii
- 
CN 
iZ
(d2 r A
z  - — -
( pj ) m =1 m
■ II
-
Q_
1
1 —14—c
1 -1 4 -b
The member stiffness matrices could e ffe c tiv e ly  be considered o f order one by 
one and we have the fo llow ing relations
( K . , )  = ( K  ) =  K 
l l m  22 m m 1 -1 5 -a
(K 19) = ( K 91) =■ -K  12 m 21 m m
K = m
(EA)
m
m
1—15 —b
1 -1 5 -c
where (£ A )^  is the ax ia l r ig id ity  of the member (E being the modulus o f e la s tic ity
and A  the cross-sectional area) and L is the length o f the member. Relationm
1 -1 5 -c  is for a straight prismatic member w ith  constant modulus of e la s tic ity  and 
cross-sectional area; this w ill be presumed throughout the thesis. The member
transformation matrix could also be considered to be reduced to a column 
vector of order.three as given in relation 1 -16
T =  m m
x
y
z
1 -1 6
where x , y and z are the projections o f the member on the o -x ,  o~y and o -z  
axes of the structure coordinate system respectively. The members e n d -  
displacement vectors and end-force vectors re la tive  to the frame coordinate  
system are o f order three; s im ilarly , the joints displacement vectors and e x ­
ternal load vectors are o f order three, as shown in relation 1 -1 7
d j =
Jx
Jy
Jz
W  =
w
Jx
w
Jy
W
Jz
1 -1 7
where d jx is the displacement component a t joint J corresponding to o -x ,  w j^  
is the external load component at jo int J corresponding to o -x ,  and so on.
The member stiffness matrices re la tive  to the structure coordinate system are of 
order three by three and using relations 1 -4 , 1 -15  and 1 -1 6  we obtain
(K l l \ n  =  *K22 \n
K^ 12^m (K2 p m
^ 2 2 ^
(EA)m
m
'  ^ 2 2 ^
xx xy xz  
xy yy yz 
xz yz zz
1 -1 8 -a
1 -1 8 -b
1—18—c
As mentioned previously, the equations w ill be w ritten  for a ll the 
possible degrees o f freedom. The dimensions given for the d ifferen t vectors 
and matrices w ill then be considered to be the same for a ll the members and 
jo ints. The structure displacement vector D and load vector W  are then 
considered to be of order n and the structure stiffness matrix K to be o f order 
n by n where
n =  3 N  1 -1 9
From relations 1 -13  and 1 -15  we obtain
= K1  TI  <D I "  D l> 1' 2° - az  m m m  J I
(P ,) = - ( P 9) 1-20-b1 m 2 m
Denoting by the ax ia l force in a typ ica l member m w ith  a positive
sign indicating tension we have
Fm =  <P2m>x ’ - 21
and from relation 1 -14  and 1 -20  we have
F = K TT (D .  -  D .) 1 -22
m m m J I
Using relations 1 -1 5 , 1 -1 6  and 1 -1 7  we can w rite  re lation  1-21 in terms o f  
the scalar components
(EA) /  N
Fm =  (  X (dJx '  d !x} +  y (dJy " V  +  z (d Jz "  d !z} )  1 _23
m
In this thesis, considering d o u b le -layer grids, the ax ia l force in a 
chord member w ill be denoted by F^, and the ax ia l force in a bracing member 
by F^. The structure coordinate system w ill be chosen such that the plane formed 
by the o -x  and o -y  axes is para lle l to the plane o f the grid and w ill be referred  
to as the u p lan e . The subscript u is then used to ind icate  components o f 
displacements (load, e tc .)  contained in the u plane ( i . e .  corresponding to the
o -x  or o -y  axis), and components corresponding to o -z  axis (normal to the plane  
of the grid) w ill  be subscripted by z .
CHAPTER TW O
STRUCTURAL BEHAVIOUR
Section 2 - 1 .  Introduction.
This chapter contains the results o f the theoretical analysis, for a 
large number o f d o u b le -layer grids. These analyses are based on an exact 
method, in the sense that no further assumptions to those accepted in Section
1 -2  are introduced.
The purpose o f carrying out these analyses is:
a) to study the behaviour of the grid in general, and the e ffect 
of the bracing members (w ith regard to th e ir inc lination  and 
cross-sectional area) and layout density, in p articu la r.
b) to suggest the approximate methods developed in the next 
two chapters, and to check the ir re lia b il ity .
These results could also be used as a co llection  o f solved cases for 
design purposes or as a basis for some other research projects.
The grids were chosen to have commonly used boundaries, supports and 
loading conditions, and the variables under consideration to cover the practica l 
range. ,
The analyses were carried out using the e lectron ic  computer and a 
programme was specia lly  w ritten  for the purpose; particulars o f this programme 
are given in A ppendix A  and a copy is given in Appendix B.
Section 2 - 2 .  The Cases under Consideration.
In this section, the cases analysed are described in d e ta il.  These 
cases were chosen w ith  care and an attempt is made here to justify this ch o ice .
Considering that the number of cases that could be studied in this 
thesis was lim ited , it was thought more appropriate in order to obtain re liab le  
conclusions to concentrate on a re la tive ly  small number of basic cases, 
covering w id e ly  the variables under study, rather than considering a w id er range 
which may result in gaps between the results which could only be connected by 
guess w ork . This general attitude was followed throughout this section, in 
deciding on the cases to be analysed.
First of a l l ,  consideration was given to the configurations o f tw o -w ay  
d o u b le -layer grids. Following the general po licy  described above, it was 
thought appropriate to concentrate on one configuration, and the grid type G 3  
was chosen. This is one o f the latest developments in the configurations of 
tw o -w ay  d o u b le -layer grids, its main feature being that the members o f the top 
and bottom layers are at 4 5 °  to each o ther. This results in an a ttrac tive  
arch itectural pattern, structurally e ffic ie n t in commonly used single span 
structures, for the tension members in the bottom layer are re la tiv e ly  longer and 
less in number than the compression members o f the top laye r. Its analysis has 
also presented more d ifficu lties  than other grids, considering both approxim ate 
and exact methods. Due to the top and bottom layers being at 4 5 °  to each other, 
it is not feasible to define an analogus plane grid in the grid analogy m ethod.
For the same reason, setting up equations in the p late analogy method, and trans­
ferring the equivalent forces to the actual grid becomes more complex and in the 
author's experience could lead to erroneous results. F in ite d ifference methods 
yie lded  equations of too high an order for the solution to be p rac ticab le . In the 
f le x ib il ity  method, w h ile  sometimes it is possible to find a system of "releases" 
such that in solving the connection matrix of the "primary" structure, each joint 
could be solved independently reducing tremendously computational e ffo rt, in 
the author's experience no such system could be found; that is, no "simple" 
primary structure could be found, but only a "complex" one where a large 
number o f joints have to be solved simultaneously. F in a lly  considering the 
stiffness method, which is most suitable for computer analysis, the band w idth  
was found to be re la tiv e ly  larger w ith  respect to other grids, making the solution  
more onerous.
Secondly, it was necessary to define the boundary shape. A  square 
boundary was chosen as it is a commonly used form in p ractice , and a reasonable 
starting point in such a study. Rectangular boundaries were discarded as they  
would greatly  increase the number of d ifferen t possibilities and would be outside 
the scope o f this work and the general po licy decided on . Further, tw o -w ay  
grids are structurally more suitable for square (or nearly square) boundaries.
The next step was to choose the layout densities. The layout density 
is defined here as the number N  o f pyramidal units on the side o f the grid 
(F ig . 2 - 1 ) .  Four layout densities w ith  N = 6 , N = 1 0 , N = 1 4  and N = 18  were 
chosen and are denoted by N 6 , N 1 0 , N 1 4  and N T 8 respectively, as shown in 
F ig . 2 - 2 .  These layouts were considered to cover the practical range, and 
provide a w ide variation  to check the relations developed in the next two 
chapters.
The grid w ith  the boundary and layouts chosen was to be analysed for 
differen t support conditions. Two d ifferen t support conditions were considered:
i)  grid supported a ll around
ii)  grid supported at the four corners.
The supports were considered to be at the joints o f the bottom layer and are assumed 
to be ro lle r supports providing constraints in the direction normal to the plane of 
the grid only (constraints in the plane o f the grid required for the s tab ility  o f the 
structure, are introduced in such a way that they do not develop any reaction  
and hence are not mentioned any fu rther). Typ ical support positions are shown in 
F ig . 2 - 3 .  These two support conditions were considered to be most commonly used
in practice w h ile  a t the same time providing extreme cases in the sense that they
could be helpful in assessing the behaviour o f interm ediate support cases, and that 
relations (considering the variables under study in this thesis) v a lid  in these two 
cases would be expected to be also va lid  for other interm ediate cases.
The next step was to decide on the loading, and each o f the layouts 
w ith  each of the support conditions was analysed for two loading conditions:
i) uniform ly distributed load a ll over the grid
i i )  concentrated loads at the centre of the g rid .
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A ll the loads were applied  as point loads at the {oints o f the top layer, normal 
to the plane o f the g rid , towards the bottom layer ( i . e .  in the vertica l d irection  
downwards). In the case o f uniformly distributed load of intensity q unit force 
per unit a rea , the equivalent point load applied  at the internal and boundary 
joints is Q  and Q  respectively, where 0  = 1 /_ L \^  q and L is the length o f the
T  2 TT
grid measured on the top layer (F ig . 2 - 1 ) .  In the case o f a concentrated load 
of magnitude P unit force applied at the centre, the equivalent load applied  is 
P on each o f the four joints around the cen tre . The typ ica l positions of the loads
4
are shown in F ig . 2 - 3 .  The uniformly distributed load was chosen for being the 
most common case in p rac tice . The central load provides a typ ica l example  
of concentrated load and an extreme case in the sense that other loading conditions 
would be expected to behave somehow between the uniform ly distributed and the 
concentrated central load. O th er loading and support conditions could be 
considered as a linear combination o f concentrated loads.
F in a lly , it was necessary to decide on the inclination  and cross-
sectional area of the bracing members. The inc lination  of the bracing members,
that is the angle between the bracing and the plane o f the g r i4 w il l  be denoted by
0 (F ig . 2 - 1 ) .  The angle 0 is the same for a ll the bracing members and was chosen
to be 0=60° for a ll the cases under consideration. Usually in practice the modulus
of e la s tic ity  is the same for a ll the members in the structure, and the cross-
sectional area of the members in a given layer are the same or nearly so. It was
then thought appropriate for the purpose o f this research, to keep a ll the chord
members w ith  the same ax ia l r ig id ity  and a ll the bracing members w ith  the same
a x ia l rig id ity ; these are denoted by (EA)^ and (EA)^ respective ly . The e ffec t
of the cross-sectional area of the bracing members is then studied in terms o f the
(EA)
dimensionless parameter t where t = b . Each of the cases defined above was
to be analysed for d ifferent values of t ,  and t was chosen to vary between 0 .1  
and 1 0 .0 , covering by far extreme limits of the practical range. The interm ediate  
values of t were t = 0 .1 3 3 , 0 .2 ,  0 .4 ,  1 .0  and 5 .0 .
It is to be noted that symmetry about four planes was conserved in a ll the 
cases considered. A lthough it would have been interesting to consider other cases 
w ith  non-symmetrical conditions, this was discarded as otherwise the number o f
differen t possibilities would have been greatly  increased and becomes outside 
the scope of this thesis, and the computational requirements would have been 
outside the fa c ilit ie s  a v a ila b le .
Summary.
The tw o -w ay  d o u b le -layer grid type G 3 , w ith  square boundaries, 
was analysed for more than a hundred cases w ith  symmetry conserved about 
four planes. These cases were obtained by considering a ll the possible 
combinations between a ll the d ifferent conditions chosen above and are 
summarized here.
The four layout densities chosen are denoted by N 6 , N 1 0 , N 1 4  and 
N 1 8  (F ig . 2 - 2 ) .
The two support conditions and two loading conditions chosen were  
combined together g iving four d ifferent conditions denoted by cases A , B, C 
and D (F ig . 2 -3 ) :
Case A : supports a ll around, uniformly distributed load a ll over
Case B: supports a ll around, concentrated load at the centre
Case C: supports at the corners, uniform ly distributed load a ll over
Case D: supports at the corners, concentrated load at the cen tre .
Each o f the four layouts was combined w ith  each of the four cases,
A ,B , C , D , resulting in 16 basic cases, and w ill be referred to by the le tte r  
corresponding to the support and loading conditions, fo llow ed by the number 
corresponding to the layout density; for instance, case B14 identifies the 
layout density N 1 4  w ith  supports a ll around and a concentrated load at the cen tre .
Each of these 16 cases, w ith  the inc lination  o f bracing members 9 = 6 0 °, 
was analysed for the seven d ifferen t values o f t defined previously. It is 
important to note that although 0 was kept constant throughout, relations  
derived in Chapter Four make it  possible to use the results obtained from 
variations in t to study the e ffec t of variation  in 9 between 15° and 7 5 ° , and
a combination of variation in t and 9 covering also the practical range.
F in a lly , the fo llow ing notation w ill be used for b re v ity . A ll  the 
layout densities w ith  the same support and loading case, w ill  be referred to by 
the code o f this case; for instance, "cases C " w ill  refer to the four cases 
C 6 , C IO , C14 and C 18 . S im ila rly , a ll cases w ith  the same layout density and 
the four d ifferent support and loading conditions w ill be referred to c o lle c tiv e ly  
by the code for the layout density; for instance, "cases N 1 8 "  w ill refer to the 
four cases A 1 8 , B18, C18 and D 18 .
Section 2 - 3 .  The Theoretical Results.
This section presents the results o f the theoretical analyses o f the 
different cases defined in the previous section. These results are presented in 
such a w ay so as to show the behaviour of the grid and the e ffec t of the 
differen t variables under study. They are given in three groups and are 
described separately below; some features common to a ll are given here.
i)  abbreviations
D displacement at joint
D ^, U horizontal displacement component
D ^, Z  vertica l displacement component
F ax ia l force in member
F^, B ax ia l force in bracing member
F , C ax ia l force in chord member
c
R reaction at support (ve rtica l)
i i )  sign convention
-  vertica l displacement component: positive for downwards movement, 
that is in the same direction as the applied  load
-  member force: positive for tension
-  reaction: positive for the joint pressing against the support.
A  negative sign indicates the opposite ac tio n .
1 i i )  scales
A ll the results presented in this section are given in a dimensionless 
form, and to obtain actual values in a given grid , these results 
(except group 3 -b ) are to be m ultip lied  by the corresponding 
m ultip lying factors given in Table 2 - 1 ,  As can be read ily  seen 
from the ta b le , for each o f the 16 basic cases there is a m ultip lying  
factor for the displacements, a factor for the forces and a factor  
for the reactions.
These m ultip lying factors are due to two points. First, as a 
linear analysis is presumed, the analyses were carried out for unit 
dimensions (of length, load and ax ia l r ig id ity ) . Second, it was 
found convenient to scale the results such that they are expressed 
as a percentage o f the maximum. N am e ly , for each of the 16 basic 
cases, the displacements (forces, reactions) for a ll the seven d ifferen t 
t conditions, were scaled by a positive scalar such that the maximum  
displacement (force, reaction) in modulus, in the condition t= 1 .0  
of the case under consideration, becomes 100 in modulus.
1) G eneral Behaviour. Figs. 2 -4  to 2 -2 0 .
The purpose of this group of figures is to show the distribution o f forces 
and displacements in the g rid . The 16 basic cases, w ith  t= l .0  (that is a ll 
members having the same cross-sectional area) were selected for this purpose.
The results are given in Figs. 2 -5  to 2 -2 0  and a "key" to these figures 
is shown in F ig . 2 - 4 .  It was found more convenient to show l /4 th  of the g rid , 
although in a ll cases the grid has four planes of symmetry and it would have been 
fu lly  representative to give the results for l /8 th  of the structure o n ly .
The ax ia l forces are printed at the m id-points of the members, and are 
given for a ll the members. They are shown separately for the top layer, bottom  
layer, and bracing members, as indicated in Figs. 2 - 4 - a ,  2 -4 -b  and 2 - 4 - c .  The 
displacements are printed at the positions of the joints, but only the components 
corresponding to the vertica I movement of the bottom Iayer joints are g iven , 
as indicated in F ig . 2 - 4 - d .  O ther displacement components are not considered
to be of practical importance in this context and are om itted, although the 
analysis y ie ld s .a ll the displacement components a t a ll joints.
The results shown were output d irec tly  from the computer in the form 
of the grid layou t. By expressing the forces and displacements as a percentage  
of the maximum, almost a graphical representation is read ily  obtained, showing 
the distribution o f forces and displacements w h ile  g iving numerical values at 
the same time . Some distortion in the layout o f the grid was however 
unavoidable, g iving the rectangular appearance to the grid which is in fact 
square.
2 ) The Effect o f the Layout Density. Figs. 2 -21  to 2 -3 0 .
The purpose o f these figures is to compare (in the form of graphs) the 
distribution o f forces, displacements, and reactions, in the grids w ith  d ifferen t 
layout densities, along some care fu lly  chosen sections. The results given are 
for the 16 basic cases w ith  t= l .0 ,  as in group 1.
The positions o f the sections chosen are shown in F ig . 2 -2 1  and the 
graphs are given in Figs. 2 -2 2  to 2 -3 0 .  In these graphs, the abcissa defines 
the position of the joint or member (m id -po in t) in the grid , and the ordinate  
gives the value o f the corresponding displacem ent, reaction or fo rce . The 
axis o f abcissa corresponds to the section chosen in the grid , and the value o f 
the abcissa r is defined such that t~  0 is at the centre line o f the g rid , and r =  1 .0  
is at the outer boundary o f the top laye r. A ll  the grids were considered to 
have the same outside boundary, that is the same length L . In some sections, 
the joints and members under consideration are exac tly  on the section, w h ile  
in others it is the row of joints or members nearer to the section for which the 
graphs are p lo tted . The ordinate axes are denoted by D ,F  and R using the 
notation given at the beginning o f this section . These ordinates were joined by 
straight lines to obtain a form of a graph shov/ing the change from one point to 
another, although s tric tly  speaking there is no continu ity for p lotting a curve . 
W herever possible, the curves for the four layout densities are shown simultaneous­
ly; in some cases however, they were too close to each other and some o f them  
were om itted in order not to obscure the fig u re . The signs are shown at the le ft
corner(s) o f the graphs. It is to be noted however, that in the case o f the 
bracing members, the forces in the members along a section, almost in variab ly  
a lternate  in tension and compression. Plotting the forces w ith  the actual sign 
could have resulted in an obscure figure , and it was thought more appropriate  
in this context to plot the modulus o f the forces; this is indicated by the (±  ) 
signs at the corner o f the graphs.
3) The Effect of the Bracing Members.
a) Figs. 2 -3 1  to 2 -4 2 .
This group of figures is given to show the varia tion  of the displacements, 
forces, and reactions due to variations in the cross-sectional area o f the bracing  
members.
For each of the 16 basic cases, values o f typ ica l components of d isp lace - 
ments, forces and reactions, are plotted as ordinates against the param eter t as 
abcissa (considering a ll the values of t for which the grid was analysed, as 
described in Section 2 - 2 ) .  The typ ical components were a rb itra rily  chosen, 
in each of the 16 cases separately and for the condition t= l . 0 ,  to be the maximum 
(in modulus) and nearest to 50%  of the maximum for vertica l and horizontal 
displacements (Figs. 2 -31  to 2 -3 4 ) ,  for forces o f the chord members and bracing  
members (Figs. 2 -3 5  to 2 -3 8 ) , and for reactions (Figs. 2 -3 9  to 2 -4 2 ) .
In these graphs, the sign for the d ifferent values plotted is not shown, 
as the purpose of these graphs is to show how these values vary, and that the sign 
in a ll cases (except values very nearly zero) remained the same for a ll variations  
in t ,
b) Tables 2 -2  to 2 - 7 .
This group of tables is given to show the maximum (minimum) percentage  
change in modulus, in the displacements, forces and reactions, due to varia tion  
in the parameter t .
The results are given in separate tables for maximum change in D r
D , F, , E and R,' in Tables 2 -2  to 2 -6  respectively . In each ta b le , the 
z  b c
first column refers to the case number and the rest o f the table is arranged in 
three sets o f two columns. In each set, the first column gives the maximum 
percentage change in modulus for the condition t =  0 .1 ,  and the second 
column gives the maximum percentage change in modulus for the condition  
t =  1 0 .0 , w ith  respect to the condition t =  1 .0  chosen as a base. The first, 
second and third sets give the maximum percentage change on a ll values between  
75%  and 100% , 50%  and 75% , and 25%  and 50%  respectively, of the maximum 
value in modulus in the condition t = 1 .0 .  A  positive percentage change 
indicates an increase in modulus w ith  respect to the condition t =  1 .0 .
A  close exam ination o f the results, shows that a ll components in a 
given group (D^ , , F^ , F^ , or R) behave very s im ilarly , and the graphs o f
Figs. 2 -31  to 2 -4 2  showing fu ll behaviour for typ ica l components, in conjunction  
w ith  the tables of maximum changes should give a good picture of the behaviour 
of the grid in terms o f t .  In a ll groups except ve rtica l displacements, the 
changes are small and the maximum change represents a good c rite rio n . In the 
case of vertica l displacements, the variations are large and it was thought 
appropriate in this case to give the minimum percentage change in Table 2 - 7  
(using the same arrangement as in Tables 2 -2  to 2 - 6 ) .  It is read ily  noted that 
the maximum and minimum percentage changes are near to each other, and hence 
even in this case, the graphs for typ ical components o f could be used w ith  
confidence as a representative sample.
The results presented in this chapter lead to interesting conclusions 
which are used in the next two chapters, and are further discussed in C hapter S ix ,
Table 2 - 1 .  M u ltip ly in g  Factors (for Figs. 2 -5  to 2 -4 2 ) ,
oC
CASE
Displacements Forces Reactions
A 6
6 - 0 7 io " 4 5 .5 4 ,0 -4 ' 6 .5 2 ,0 - 4
A 10 1 .2 0 10-3 7 .1 4 io -4 4 .0 1 ,0 - 4
A 14 1 .8 3 ] o- 3 7 .8 0 ,0 - 4 2 . 9 0 , o -4
A 18 2 , 5 0 , q -3 8 .1 6 ,o - 4
2 ,2 7 , o ' 4
B6
2 -5 6 io " 3 3 - 12, o - 3 9 . 4 , , o - 4
BIO 4 . 4 6 i 0 -3 4  * 121o—3 5 . 4 , , o - 4
B14 6 .3 6 .Q -3 4 . 7 , , 0 - S 3 * 76 , o- 4
B18 8 . 2 9 , 0 -3 5 ” 1 4 ,o -3 2 94 -4  ,0
C6 2 .8 3 ,0 - S 1 .8 4 ,0 -5 2 . 5 0 , 0 -3
C IO 5 . 9 4 , o -3 . 2 .8 1 ,  - 3 2 . 5 0 - 3
C14 9 .5 7 ,0 - 3 3 . 3 5 , Q -3 2 .5 0 , 0 - 3
C l 8 1 .3 5 ,0 -2 3 . 6 9 , O '3 2 . 5 0 , q -3
D6 5 .4 4 ,0 - 3 2 . 8 9 io - 3 2 . 5 0 , 0 “3
D IO
1 * ° 3 l 0 - 2 3 .7 5 , 0 - 3 2 . 5 0 , o"3
D14 1 .5 6 ,o -2 4 - 3 0 io ‘ 3 2 . 5 0 , 0 -3
D18 2 .1 4 ,o - 2 4 . 7 1 , o -3 2 . 5 0 - 3
Displacements: m ultip lying factor -
Forces and Reactions: m ultip lying factor =  °< W  
2(W = q L in cases A  and C , W  = P in cases B and D ).
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Fig. 2 -4 .  Key to Figs, 2 -5  to 2 -2 0 .
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F ig . 2 -1 6 .  A x ia l Forces and V e rtic a l Displacements: Case D 14.
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F ig . 2 -1 9 . A x ia l Forces and V e rtic a l Displacements: Case C18
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F ig . 2 -4 2 . Vertical Reactions: Cases N 1 8 .
Table 2 -2 .  Maximum Percentage Change: Horizontal Displacements
(for t = 0 .1  and t = 10.0  with respect to t = 1 .0 )
CASE
d = 75% -100 %  
u
of maximum
d =  5 0 % -7 5 %  
u
of maximum
d = 2 5 % -5 0 %  
u
of maximum
t =  0 .1  t =  10 t =  0 .1 t =  10 t = 0 .1 t =  10
A 6 3 .1 1 .8 7 .6 4 .5 2 3 .2 1 2 .9
B6 0 . 6 0 .9 * * ‘ 2 0 . 8 1 2 . 8
C 6 1 . 2 0 . 8 2 .7 1 .9 9 .1 6 .3
D 6 0 .3 0 . 2 0 .7 0 .5 0 .7 0 .5
A 10 3 .9 0 .9 4 .6 1 . 1 2 4 .4 5 .3
BIO 6 .7 2 . 2 6 . 6 2 . 2 1 8 .7 5 .5
C IO 1 . 1 0 .3 2 . 8 1 . 2 5 .6 2 .3
D IO 0 .9 . 0 . 2 3 .0 1 . 6 5 .6 2 .9
A 14 3 .1 0 .5 2 .7 0 .5 3 9 .7 6 . 6
B14 4 .2 1 . 0 5 .7 1 .4 4 2 .2 7 .9
C14 0 . 2 0 . 1 1 .3 0 .5 6 . 2 1 .7
D14 0 .3 0 . 1 3 .6 1 . 2 4 .5 2 . 2
A 18 2 .3 0 .3 2 . 0 0 .3 2 9 .4 4 .5
B18 3 .9 0 . 8 4 .5 0 .9 3 1 .2 5 .1
C18 1 . 0 0 .3 2 .7 0 . 6 6 .4 1 .3
D18 0 .7 0 . 2 4 .2 1 . 0 5 .2 1 .7
*  no values in that range
Table 2 -3 .  Maximum Percentage Change: Vertica l Displacements
(for t == 0 .1  and t = 10.0  with respect to t = 1 .0)
CASE
d = 7 5% -100 %  
z
of maximum
d = 5 0 % -7 5 %  
z
of maximum
d =  2 5 % -5 0 %  
z
of maximum
t = 0 . 1  t =  10 t =  0 . 1  t =  10 t =  0 . 1 t =  10
A 6 319 3 2 .6 351 3 6 .2 357 3 6 .7
B6 364 3 7 .0 293 30 .1 263 2 7 .1
C 6 297 3 0 .0 310 3 1 .0 353 3 5 .1
D 6 299 2 9 .9 255 2 5 .5 337 3 3 .7
A 10 125 1 2 . 8 138 14 .2 157 1 6 .2
BIO 187 1 9 .0 124 1 2 .7 106 1 0 .9
C IO 122 1 2 .3 143 1 4 .4 154 1 5 .5
D IO 136 1 3 .6 115 1 1 .4 130 1 3 .2
A 14 65 6 . 6 71 7 .2 82 8 .4
B14 112 1 1 .4 62 6 .3 53 5 .4
C14 6 6 6 . 6 76 7 .8 90 9 .2
D14 76 7 .7 61 6 . 2 80 8 .3
A 18 39 3 .9 43 4 .3 51 5 .1
B18 75 7 .6 39 3 .9 31 3 .2
C18 41 4 .2 48 5 .0 65 6 .7
D18 49 4 .9 40 4 .1 50 5 .1
Table 2 - 4 .  Maxim um  Percentage Change: A x ia l Forces in Bracing
Mem bers.
(for t =  0 . 1  and t =  1 0 . 0  w ith  respect to t =  1 . 0 )
CASE
F, =  7 5 % -1 0 0 %  
b
of maximum
F. =  5 0 % -7 5 %  
b
of maximum
F, = 2 5 % -5 0 %  
b
of maximum
t = 0 . 1 t =  10 t = 0 . 1 t =  10 t =  0 . 1 ii o
A 6 3 .1 1 . 8 4 . 7 2 . 8 2 9 .2 1 3 .6
B6 0 . 0 0 . 0 1 . 2 1 . 8 2 .4 3 .5
C 6 0 . 0 0 . 0 * * 6 .4 4 .4
D 6 0 . 0 0 . 0 0 .7 0 .5 0 .7 0 .5
A 10 5 .9 1 .5 3 .5 0 .9 1 6 .0 4 .1
BIO 0 . 0 0 . 0 2 .9 1 . 1 9 .9 2 .9
C IO 0 . 0 0 . 0 3 .4 1 . 8 8 .5 6 . 1
D IO 0 . 0 0 . 0 4 .2 2 .4 1 0 . 0 9 .0
A 14 4 .8 0 . 8 3 .1 0 .5 9 .4 1 .9
B14 0 . 0 0 . 0 2 .3 1 .3 1 1 . 2 3 .2
C14 0 . 0 0 . 0 3 .4 2 . 2 14 .2 7 .5
D14 0 . 0 0 . 0 4 .3 2 .5 1 2 .3 6 .9
A 18 3 .8 0 .5 4 .3 0 .7 1 3 .5 2 . 6
B18 2 . 2 1 .4 4 .4 2 .5 1 0 . 6 3 .0
C18 0 . 0 0 . 0 3 .8 2 . 2 1 1 . 2 5 .3
D18 0 . 0 0 . 0 4 .2 2 . 1 1 0 .9 4 .0
*  no value in that range
Tab le  2 - 5 .  Maximum Percentage Change: A x ia l Forces in Chord
Members.
(for t = 0 . 1  and t =  1 0 . 0  w ith  respect to t =  1 . 0 )
CASE
F = 75% -100 %  
c
of maximum
F = 5 0 % -7 5 %  
c
of maximum
F =  2 5 % -5 0 %  
c
of maximum
t = 0 . 1 t = 10 t =  0 . 1 t =  10 t =  0 . 1 t = 10
A 6 3 .1 1 . 8 8 . 8 5 .2 1 3 .5 7 .4 '
B6 0 .4 0 . 6 0 .7 1 . 0 5 .3 3 .5
C 6 1 .7 1 . 1 2 . 8 2 . 0 9 .6 6 . 6
D 6 0 . 2 0 . 2 0 .3 0 . 2 0 .7 0 .5
A 10 3 .9 0 .9 5 .6 1 . 2 5 6 .8 1 6 .3
BIO 1 .9 0 . 8 5 .8 2 . 0 7 .3 2 .3
C IO 1 .3 0 .5 0 .9 1 . 6 9 .1 4 .2
D IO 1 .4 0 . 6 3 .8 1 . 6 6 . 6 3 .5
A 14 3 .0 0 .5 4 .3 0 .9 4 1 .9 8 . 8
B14 2 .4 0 .7 3 .5 1 . 1 6 .3 1 . 8
C14 1 . 2 0 .7 4 .7 1 .9 1 2 .5 4 .8
D14 2 .3 1 . 1 5 .1 2 . 1 1 1 . 8 4 .5
A 18 2 . 2 0 .3 2 .9 0 .4 3 1 .6 5 .7
B18 2 .3 0 . 6 3 .3 0 .9 5 .2 1 . 2
C l 8 2 . 6 0 .9 4 .4 1 . 2 15.1 4 .9
D18 3 .4 1 . 2 5 .3 1 .4 1 4 .9 4 .5
Table 2 -6 .  Maximum Percentage Change: V ertica l Reactions,
(for t = 0 .1  and t = 10.0  with respect to t = 1 .0 )
R = 75% - 100% R = 50% -7 5 % R = 2 5 % -5 0 %
CASE of maximum of maximum of maximum
t =  0 . 1 t =  10 t =  0 . 1 t =  10 t =  0 . 1 t =  10
A 6 5 .9 4 .3 * * * *
B6 8 .4 2 .9 1 3 .5 1 4 .5 * *
A 10 7 .0 2 . 2 0 . 0 0 . 2 1 1 . 0 6 .5
BIO 1 8 .4 8 .5 1 6 .8 1 2 .4 5 6 .8 8 .9
A 14 6 . 0 1 .3 6 . 8 2 .4 1 9 .4 9 .5
B14 17 .2 8 . 0 16 .4 9 .4 3 8 .4 9 .6
A 18 5 .0 0 .9 4 .9 1 .1 1 2 . 1 3 .9
B18 1 5 .6 6 . 6 15.1 6 . 8 2 3 .2 7 .7
*  no value in that range
Table 2 -7 .  Minimum Percentage Change: Vertica l Displacements
(for t = 0 .1  and t = 10 .0  with respect to t =  1 .0 )
CASE
d = 7 5 % -1 0 0 %  
z
of maximum
d =  5 0 % -7 5 %  
z
of maximum
d =  2 5 % -5 0 %  
z
of maximum
t = 0 . 1  t =  10 t =  0 . 1 t =  10 t =  0 . 1 t = 10
A 6 307 3 1 .5 329 3 3 .9 355 3 6 .2
B6 327 3 3 .4 293 30 .1 245 2 5 .2
C 6 265 2 6 .6 288 2 9 .0 309 3 0 .9
D 6 260 2 6 .0 244 2 4 .4 256 2 5 .6
A 10 118 1 2 . 2 129 1 3 .2 139 1 4 .3
BIO 145 1 4 .8 103 1 0 . 6 93 9 .6
C IO 108 1 0 .9 122 1 2 .3 134 1 3 .6
D IO 101 1 0 . 1 1 00 1 0 . 1 106 1 0 .7
A 14 60 6 . 2 65 6 .7 70 7 .2
B14 65 6 . 6 53 5 .4 4 7 4 .9
C14 58 5 .8 6 6 6 . 6 76 7 .8
D14 53 5 .4 53 5 .4 58 5 .9
A 18 36 3 .7 39 4 .0 43 4 .3
B18 39 3 .9 31 3 .2 29 2 .9
C18 36 3 .6 41 4 .2 48 4 .9
D18 33 3 .3 33 3 .4 37 3 .8
CHAPTER THREE
APPROXIM ATE A N A LY S IS  -  PART I 
Section 3 - 1 .  Introduction.
In this chapter, a method is developed for an approximate analysis
♦
of d o u b le -layer grids. The stiffness method described in Section 1 -5  is 
basically  used, but the relations are expressed in a form especially  suitable  
for the study of do u b le -layer grids, both to develop the approximate method 
and to have more insight into the behaviour o f the grids. The form ulation is 
independent of the grid configuration and conditions, and is suitable to be 
fu lly  programmed for a d ig ita l e lectron ic  computer.
The computational requirements are greatly  reduced as compared w ith  
using the stiffness method in its standard form, and warrant the small errors 
obtained in the results. The approximation involved consists in ignoring some 
terms in the stiffness m atrix, which are dependent on the bracing members.
This p rac tica lly  results in solving for the "stiffness in the u p lane" separately  
from the "stiffness in the z  d irec tio n " .
The technique developed is applied and checked for the grids considered  
in Chapter Two; it is however general and could be used w ith  other types and 
cases of d o u b le -layer grids.
Section 3 - 2 .  Form ulation.
Let the member stiffness m atrix o f a typ ica l member m (as g iven in 
relation 1 - 8 ) be denoted by for a bracing member and by for a chord member
Let M , and M  be the to ta l number of bracing members and chord members 
b e
in the structure respective ly. Relation 1-12  can then be w ritten  as
M b M c
K= ] >  Kb + 2  Kc 3 ’ 1~a
b = 1 c =  1
or
where
K = Kb +  Kc  3 - 1 -b
M b
Kb 3 " 2 - a
M c
_Kr  =  2  Kc 3 - 2 -b
q = 1
are the contribution to the stiffness matrix of the structure by the bracing members 
and chord members respectively, and w ill be referred to as the "bracings stiffness 
m atrix" and the "chords stiffness m atrix" for b rev ity .
In describing the stiffness method in Section 1 -5 , the displacement 
vector D o f the structure, was considered to contain the joints displacement 
vectors in the normal sequence o f the joints numbers, and each jo int displacement 
vector was considered to contain the displacement components in the order 
corresponding to the x , y , z  d irections. This order was also used in W , K and 
for co m p atib ility . However, although this is the usual w ay of describing the 
stiffness method, the choice o f order of the components is a rb itrary , provided  
that the same order is used in a ll the matrices and vectors in a given re lation  
(see for instance Ref. 28 for d ifferent arrangements). In this chapter, we 
choose to arrange the vector D such that a ll the x and y components for a ll the 
joints are grouped together, and a ll the z components for a ll the joints are grouped 
together (a ll other vectors and matrices being arranged accord ing ly). The 
arrangement o f components inside a group is irre levant in this derivation and that 
shown in relations 3 -3  and 3 -4  w ill be adopted for convenience. Using u to 
denote x and y components, we have in partitioned form
D =
W  =
where
D J =
D lu
° 2 u
D
u
#
D N u
D l z
D2z
D
z
L•
— —
L N z
—- •—
W lu
W 2 u
W
u
w ,
9
W  i i  N u
W lz
W 2 z
W
z
w ,
•
_ .
*
_ W N z _
D Ju
d Jx
d Jy
_ DJ z _ d Jz
3 -3 -a
3 -3 -b
3 - 4 -a
ww
w
Ju
Jz
w
w
W
Jx
Jy
Jz
3 -4 -b
Relation 3 -1 -b  in an equivalent partitioned form and com patible w ith  relations  
3 -3  can be w ritten
K K
uu uz
K K
zu zz
( KB>uu ^B ^uz
+
(K _ )
L  UU
(K _ )C uz
<k b>zo <k b>z z (K r )C zu ( Kr UC  Z Z
«•»»
3 -5
Relation 1-11 is given again as 3 -6 -a  and its equ ivalent in partitioned form, 
conformable w ith  the u -z  order shown in relations 3 -3 ,  is given in re lation  
3 - 6 - b .
K D =  W 3 -6 - a
K K
uu uz
K K
zu zz
_
D
From relations 3 - 1 -b ,  3 -5 ,  3 -6 -a  and 3 -6 -b  we obtain
D W
W
3 -6 -b
(K b +  Kc ) D =  W
B uzB uu
B zu B zz
C uzC uu
+
C zu C zz
D
D
3 -6 - c
W
W
3 -6 -d
From relations 1 -8  and 1 -1 8 , the member stiffness m atrix com patible  
w ith  the order o f components used in relations 1-1 and 1 -1 7  is found to be
(EA)m is 
m = “ 3
m
xx xy xz  
xy yy yz  
xz yz zz
-xx -x y  -x z  
-Xy -y y  -y z  
-xz -y z  -z z
-xx -x y  - x z  
-Xy -y y  -y z  
-xz -y z  -z z
xx xy xz  
xy yy  yz  
xz yz zz
3 -7
(the member m is assumed here to connect the first jo int to the last jo in t).
W ritin g  relation 3 -7  in a form compatible w ith  re lation  3 -3  and 3 -4  (and
introducing G  ) we obtain  
m
K =  
m
(K ) 
m uu (K )m uz
(K ) 
m zu m zz
—
3 - 8 -a
G  =  1  m l 3
m
xx xy . -x x  -x y xz -x z
xy yy -x y  -y y yz -y z
-x x  -x y xx xy -x z xz
-x y  -y y xy yy -y z yz
xz yz -x z  -y z zz -z z
-x z  -y z xz yz -z z zz
3 -8 -b
K = ( E A )  G  
m m m 3 -8 - c
N o tin g  that the structure coordinate system can be a rb itra rily  chosen, 
we choose it w ithout loss o f g en era lity , such that the u plane defined by 
the x and y axes is para lle l to the planes o f the top and bottom layers; this 
results in a il the chord members having a zero z  component. From relations  
3 -8  it becomes apparent that the member stiffness m atrix o f a chord member is 
of the fo rm ,,
K =  
c
w ith  (K ) ■= 0
c uz
rn-m
(K )c uu 0
0 0
3 -9
(K  ) = 0
c zu
From relations 3 -2 -b  and 3 -9 ,  the chords stiffness m atrix is found to be o f 
the form
w ith
K,
(K r )C uu
0
0 0
_
M c
(K r ) = 2  (K )C uu , c uuc= I
M c
(K r ) = 2  (K ) = 0
C uz , c uz
c= l
M c
(K _ ) = 2  (K ) = 0C zu , c zuc= I
M c
(K ) =  2  (K ) =  0
^  zz  , c zzC=1
3 -1 0 -a
3 -1 0 -b
3 -1 0 -c
3 -1 0 -d
3 -1 0 -e
The bracing members, in general, w ill have non zero projections both 
on the u plane and on the z axis, and none o f the submatrices of and 
vanishes. Relation 3 -8 -c  for a bracing member is w ritten  as
Kb = (EA)b G b 3-11
Let us assume a ll the chord members to have the same a x ia l r ig id ity  (LA)^ , and 
a ll the bracing members to have the same ax ia l rig id ity  (E A )^ . Let t and 
be defined as follows
t =
(EA), 
(EAT
3 -1 2
Rb = <EA> c G b 3 -1 3
From relations 3-11 to 3 -13  we have
Kb =  t K b 3- 14
From relations 3 -2 -a  and 3 -1 4  we obtain
M b M b
' K b = 2  t K, =  t 2  K, 3 -1 5 -a
B b--1 b b = l b
or
Kg =  t Kg 3 -1 5  —b
where . .
M b
Kr  = 2  i<, 3 -1 5 - c
B b = l b
The scalar t ,  representing the re la tive  ax ia l rig id ity  o f the bracing members
w ith  respect to the chord members, is considered here as a variab le  param eter
w ith  (EA) remaining constant. The matrix K D can be considered as the 
c D
bracings stiffness m atrix w ith  the bracings having an ax ia l rig id ity  (EA)^, and 
is independent o f t .  Substituting relation 3 —15 —b into 3 -6 -c  we obtain
(Kc + t K g ) D = W  3 -1 6
which in partitioned form becomes
Finally , from relations 3 -1 0  and 3 -1 7  we obtain
(K r ) +C uu
t (K „)B uu
' ^ u z
t ( K JB zu
D
u
W
u
D W
z z
3 -1 8
w hich is equ iva len t to the relation K D = W  for the case o f a d o u b le -laye r g rid , 
w ith  its plane p ara lle l to the u p lane , the u components being grouped a ll 
together and the z  components grouped a ll together.
Section 3 - 3 .  The Solution o f the Equation K D =  W  in Partitioned Form.
In this section, the solution of the equation K D =  W  is expressed in 
terms of the submatrices resulting from the partitioned form as given in the 
previous section.
First, we note that the stiffness m atrix K has the property o f being  
square, symmetric and positive defin ite  (Refs. 13 and 9 ), and show that the
-1
matrices K and-(K  -  K K
zz  uu uz zz K ) are non singular, as fo llow s. The zu
m atrix K being positive d e fin ite  is necessarily non singular and has an inverse, 
say
-1
F =  K 3 -1 9
which is also symmetric positive d e fin ite . The m atrix F is partitioned (as
shown in relation 3 -2 0 )  in a form conformable w ith  the partition ing  o f the
m atrix K (as shown in re la tion  3 -6 -b ) ;  that is the leading diagonal submatrices
F and F are square and o f the same order as the submatrices K and K 
uu zz  . uu z z
respective ly .
F F
uu uz
F F
zu z z
. . .
3 -2 0
W e note that in a symmetric positive defin ite  m atrix , any square leading
diagonal submatrix is also necessarily symmetric positive d e fin ite . In
particu la r, K ^  and F are then symmetric positive defin ite  and hence
nonsinqular. Furthermore, the ir respective inverses K  ^ and F  ^ exist
z z  uu
and are also symmetric positive defin ite  and nonsingular. We have the 
relation
F K = I 3-2.1
and in partitioned form
F F K K 1 0uu uz uu uz u
F F K K 0 1zu zz zu zz z
3 -2 2
where I, I and I are unit matrices of the same order as K , K and K
u z uu zz
respective ly .
From relation 3 -2 2  we can w rite in particu lar
F K + F K = 1  3 -2 3 -a
uu uu uz zu u
F K + F K = 0 3 -2 3 -b
uu uz uz zz
Postmultiplying relation 3 -2 3 -b  by K J  and rearranging we obtain
F = - F  K K ' 1 3 -2 4
U Z  uu uz zz
Elim inating F by substituting relation 3 -2 4  into relation 3 -2 3 -a  we have 
uz -
F K - F  K K - 1  K =  I 3 -2 5
UU u u  u u  u z  z z  z u  u
F in a lly , prem ultip lym g relation 3 -2 5  by F we obtain
K - K  K - 1 K = F " 1 3 -2 6
U U  uz z z  zu uu
The m atrix F being symmetric positive d e fin ite , so is the matrix
(K -  K K  ^ K ) ,  and the points in question are proved, 
uu uz zz  zu ' 1 1
W e now w rite  relation 3 -6 -b  in the form
K D + K D = W  3 -2 7 -a
uu u uz z u
K D +  K D =  W  3 -2 7 -b
zu u zz  z z
Prem ultiplying relation 3 -2 7 -b  by K and rearranging
D = K _1 W  -  K _1 K D 3 -2 8
z zz  z z z  zu u
From relations 3 -2 7 -a  and 3 -2 8  we have
(K -  K K - 1 K ) D = W - K  K - 1 W  3 -2 9  
uu uz z z  zu u u uz zz  z
Prem ultiplying by (K - K  K  ^ K ) ^ , we f in a lly  obtain  r  7 ■ ® 7 uu uz z z  zu 7
D =  (K - K  K K ) “ ’ (W - K  K _1 W  ) 3 -3 0  
u uu uz z z  zu u uz z z  z
which can be substituted into re lation 3 -2 8  to give
From relations 3 -6 -b , 3 —15 —b and 3 -18  we have
K = ( K r ) +  (K J  =  ( K J  + 1 (K Juu C uu B uu C uu B uu 3 -3 2 -a
K = ( K J  =  t ( K Juz B uz B uz 3 -3 2 -b
K = (K J  =  t (K J
zu B zu B zu 3 - 3 2 -c
K = (K J  = t (K„)
z z  B z z  B zz 3 -3 2 -d
Substituting relations 3 -3 2  into relations 3 -3 0  and 3 -2 8  we obtain respectively
D =  
u
(K r ) +  t (K * )C uu B uu
-1
-1
W  *  
u
D = ( K J  W  *z B zz  z
3 - 3 3 -a
3 -3 3 -b
where
( K J )  =  ( K J  -  (KJ (K J  _1 (K.)B uu B uu B uz B zz  B zu 3 - 3 4 -a
W  *  =  W  - ( K J  (KJ _1 Wu u B uz B zz  z 3 -3 4 -b
W  *  =  W  -  ( K J  D
z z B zu u
3 -3 4 -c
Relations 3 -3 3  give the solution o f the system K D .= W in the required  
partitioned form .
Section 3 - 4 .  Approxim ate Relations.
The relations derived in the previous section are exac t, and in this 
section some approximations are introduced.
Consider relation 3 -3 3 -a ;  we note that the terms (K J  ,  (K * )
L  uu B uu
and W  *  are a ll independent of t ,  that is they are independent of the a x ia l
r ig id ity  of the bracing members. The matrix (K J  +  t (K * )  J  and the C uu B uuj
displacement vector ,  however, are dependent on t .  The e ffec t o f t on the
displacement components is given in Section 2 -3  and the results are further
discussed in Chapter S ix . A  close exam ination o f these results show that the
displacement components d^ -  and consequently the displacement vector -
are rather insensitive to w ide variations in t for a ll the grids and cases considered
in Chapter Tw o. Considering that t is d ifferent from zero and that (K ^ ) t
(K * )  and W  *  are independent of t ,  the fact that D is th eo re tica lly  a 
B uu u u
function o f t but is p ra c tic a lly  insensitive to variations in t ,  suggests that the 
term t (K * )  does not have an appreciable e ffec t on the m atrix
C D uu(K ~ ) +  t (K * )  in relation 3 -3 3 -a  as w ith  regard to the solution for
L  uu B u u J
the vector D .u
Based on these arguments (and some further ones given in Section 3 -5 ) ,  
Dr
be w ritten
we then p opose to ignore,the term ' n re lation  3 -3 3 -a ,  which then can
( K - )  D = W  *  3 -3 5
C uu u u
where the symbol ( * ) is used to mean an approximate v a lu e . The solution of
relation 3 -3 5  would give an approximate value for D ^, which can then be used
in relations 3 -3 3 -b  and 3 -3 4 -c  to obtain an approximate value for D ^ . Knowing
D and D , the member forces can then be found in the usual w a y . The 
u z  7
displacement vector D and the member forces would obviously a ll be approxim ate, 
but the appr 
introduced.
roximation is only due to that in D ^, and no further approxim ation is
This approximation would be feasible and the resulting approxim ate method 
would be o f practica l va lu e , provided that:
a ) the m atrix (K^.) is non singular
L  uu
b) the approximation obtained is acceptable
c) the solution using this method results in appreciable com putational 
economies.
W e now show that these three crite ria  are a ll satisfied in a ll the grids considered 
in Chapter Two, and that they could also be easily satisfied in other cases and grids.
a) The M a tr ix  (K ~ )
C uu
W e recall from relation  3 -9  that the m atrix (K ) is the part of the
c uu •
chord members stiffness m atrix which is not n u ll, w h ile  the other parts (K ) ,r  c uz
(K ) and (K ) are a ll n u ll.  Let (K ) be denoted by K . and K « 
c zu c z z  c uu 7 c l  c2
for a chord member of the top layer and a chord member of the bottom layer 
respective ly . Let M  | and denote the total number o f chord members in 
the top layer and bottom layer respective ly . Relation 3 -1 0 -b  can then be 
w ritten
M  -j M  0c l cz
(K ) = ] >  K , + 2  ■ K 0 3 -3 6 -a
' C uu , c l c2
C, =  l . c2 = l
or
where
(K r ) =  Kr , + K r o  3 -3 6 -b
C uu L I  LZ
M  , 
c l
=  2  K ' 3 -3 7 -a
C l c l
cr ’
M c 2
Kc 2 = 2  i Kc 2  3 -3 7 -b
° 2
N oting  that the choice of the order of joints is arb itrary , we now consi 
the displacement vector w ith  a ll the joints of the top layer grouped together 
and a ll the joints o f the bottom layer grouped together. We put in partitioned
where (D contains a ll the u components for a ll the joints o f the top layer,
and (D )^ contains a ll the u components for a ll  the joints of the bottom layer,
the vector W  *  being rearranged in a com patible manner, 
u
The m atrix w ith  its components arranged com patibly w ith  
relation 3 -3 8  w ill take the fo llow ing form
Joints o f top Joints o f bottom  
layer layer
K 1 =  c l
(KcPll 0
0 0
(EA)
xx xy  
xy yy
-x x  -x y  
-x y  -y y
-x x  -x y  
-x y  -y y
xx  xy  
xy yy
3 -3 9 -a
noting that a ll the non zero coeffic ients o f the m atrix are contained in 
(K i ) n  / as a member o f the top layer connects joints of the top layer on ly  
(the member is assumed here to connect the first jo int o f the top layer w ith  
the last jo int o f the top la y e r). S im ila rly , the m atrix K ^ w ith  the components 
arranged com patibly w ith  relation 3 -3 8  w ill take the fo llow ing  form
Joints o f top Joints of bottom 
layer layer
Kc2 =
0
0
0
( k c 2 ) 2 2
(EA)
c
3
c
-x x  -x y  
-x y  -y y
xx xy  
xy  yy
xx  xy  
xy  yy
-x x  -x y  
-x y  -y y
3 -3 9 -b
From relations 3 -3 7  and 3 -3 9  it follows that (K ^ .p  and ( K ^ )  are o f the form
(K C 1)
c r n
( k C 2)
where C2 22
M
(Kc P n  ^ . K^d ^ n
° i =1
M c 2
^ C 2 ^ 2 2 ~ , ^Kc2^ 2 2
° 2
From relations 3 -3 6 -b  and 3 -4 0  we obtain
(K r )L  uu
c r n
From relations 3 -3 5 , 3 -3 8  and 3 -4 2  we can w rite
<DU>1C l ' l l
<DU>2
(W  * ) ,  u I
(W  * ) ,u 2
3 -4 0 -a
3 -4 0 -b
3 -4 1 -a
3 -4 1 -b
3 -4 2
3 -4 3 -a
From relation 3 -4 3 -a  it is read ily  seen that for (K ^ ) to be non singular,
L  uu
it is necessary and sufficient that the matrices )  ^] and ( ^ £ 2^2 2  are non 
singular.
The matrix represents the stiffness m atrix o f the top layer, and
the m atrix ( ^ ^ 2 ^22 rePresen*s stiffness m atrix o f the bottom layer; in this 
context, the top and bottom layers are considered to be plane p in -connected  
structures in the u p lane, w ith  the joints having two degrees o f freedom o n ly , 
namely the x and y displacement components. The vectors and (W ^ * ) 2
represent the external load vectors o f these two structures. Consequently, it 
can be argued on physical grounds that the m atrix } *s non singular, if
the top layer by itself is a  stable plane pin-connected structure. S im ila rly ,
^ C 2^22  *S n0n s' n9 u a^r bottom layer by itse lf is a stable structure.
W e now consider the s tab ility  of the top and bottom layers (as plane  
pin-connected structures) o f the grids studied in Chapter Tw o. It can be read ily  
seen that the top layer forms a stable structure, provided that external supports 
are constraining it against rigid body movement. In the cases considered in 
Chapter Tw o, symmetry about four planes was conserved. Symmetry conditions 
require that joints on a plane of symmetry can on ly  displace in that plane but not 
in a d irection normal to i t .  Such joints are thus constrained as shown in 
F ig . 3 - 1 -a :  the planes o f symmetry are providing the required supports against 
rig id  body movement, and hence the top layer forms a stable structure. Considering  
the configuration of the bottom layer, this does not, represent a stable structure 
unless it is "trian g u la ted " and constrained against rigid body movement. For the 
symmetry cases considered in Chapter Tw o, the s tab ility  o f the bottom layer is 
more easily  studied by considering the technique o f Ref. 2 0 . Using this techn ique, 
it can be shown that the structure in hand can be represented by an eq u iva len t 
structure, where the m id-points of the members cutting across a plane of symmetry
A.S.
(a) Top Layer
(h
<
if)
<
(b) Bottom Layer
0  Constraints in both directions  
T T  Constraint in one direction
Fig. 3 -1 . Stability of Top and Bottom Layers.
are fu lly  constrained, as shown in F ig . 3 -1  -b .  It is easily  seen that such a 
structure is in fact triangulated as shown by the dotted lines (F ig . 3 - 1 -b ) , 
and is constrained against rigid body movement a t the same tim e, proving the 
stab ility  o f the bottom layer.
The top and bottom layers being stable structures, it follows that the
matrices (K ^ -j) -j ] an(  ^ ( ^ £ 2^22  are non s'n9 u a^ r '  anc* hence ‘s non
singular and the point in question is proved. From relations 3 -3 5  we can then
w rite
D =  (K _ ) _1 W  *  3 -4 4
u L  uu u
and from relations 3 -4 3  we can w rite
(■Vi = ^ cihi1 V i  3 ' 4 5 - a
( Du)2  =  <KC2>2? < V >2 3 ' 4 5 - b
The solution of these equations yields approximate values for the horizontal 
displacements, which can be used w ithout d iff ic u lty  to obtain the ve rtica l 
displacements and the ax ia l forces.
b) V a lid ity  o f the Approximate Analysis.
The error on the approximate results can be expressed in general terms, 
by using "norms" in m atrix error analysis (see for instance Refs. 5 , 6  and 3 1 ) . 
Let be the error vector on the approximate solution such that
D = D + E 3 -4 6
u u u
We have from relation 3 -3 3 -a
(K r ) +  t (K r * )
L  uu B uu
D = W  *  3 -4 7
u u
or
(K r ) +  t (K *')
C uu B uu
D +  E 
u u
= W  *  
u
3 -4 8
N o tin q  that (K ~ ) D =  W  *  , from relations 3 -4 7  and 3 -4 8  we obtain  
°  C uu u u
(K r ) E = - t ( K * )  D 
C uu u B uu u
3 -4 9
-1
as (K q ) >s non singular, we can prem ultip ly by (K ^ )utJ ancI obtain
E = -  t (K _ ) - 1  (K b *) Du C uu B uu u
3 -5 0
Taking norms, we have
H E  II = t  I I ( K - )  - 1  (K * )  D II
u C uu B uu u
3 -51
or
II E 11^  t II ( K ,4  (K * )  II * II D II
u I  uu B uu u
3 -5 2
and
H E  II ,
- 2 —  sZ t II (K _ )  ” (K * )  II
H D  II uu
u
3 -5 3
Relation 3 -5 3  expresses the re la tive  error in in terms of the norm of
(K ~ )  ^ (K n* )  . This relation can also be w ritten  in the form
C uu B uu
h  e ii
u < :
II D II 
u
t ' I l f l O  II * II (K * )  II C uu B uu
3 -5 4
or
II E II ■ ■ II (K * )  II N
u * S t ( l l ( K _ )  II • II ( K _ ) “ II --------- ■ ■uu )
\  C uu L  uu /
II D II 
u
II ( l O  II
C uu
3 -5 5
expressing the re la tive  error in in terms of the re la tive  e ffec t o f (^ g * )uu
on ( K - )  , due to ignoring the term t (K * )  ; it  is also seen that the
L  U U  • D uu
upper bound of the error is lin ea rly  dependent on t .  S im ilar relations could  
probably be derived for the ve rtica l displacements and the forces.
However, as the errors are resulting from ignoring terms the value of 
w hich is known, a b etter numerical assessment of these errors can be obtained  
by comparing each component of the approximate results w ith  the corresponding 
component of the exact results.
A  special computer programme was developed for this purpose, the main 
functions of which being:
i) solve the grid by the exact method
ii )  solve the grid by the proposed approximate method
i i i )  find the percentage error o f the approximate results w ith  
respect to the exact results, for each component of 
displacement and force
iv ) find the maximum (in modulus) percentage error in the 
forces o f the chord members between 75 and 100% ,
50 and 7 5 % ,and 25 and 50%  of the maximum (in modulus) 
force in the chord members; s im ilarly  for forces in the 
bracing members, horizontal displacements and vertica l 
displacements.
For the 16 basic cases considered in Chapter Two and the condition t =  1 *0 , the 
maximum percentage errors as obtained from the programme described above, 
are given in Tables 3 - 1 .  It is read ily  seen from these tables that the errors are 
in general quite sm all, considering that they are maximum errors on component 
to component comparison. Exceptions are some cases o f bracing members; 
however, these errors are found to be on few components on ly , dropping q u ick ly  
on other components w ith  the average error being much sm aller.
Table 3 -1 -a .  Maximum Percentage Errors: Displacements,
(approximate analysis with respect to exact analysis)
CASE
d =  
z
7 5 % - 5 0 % -  
100% 75%
of maximum
2 5 % -
50%
d =  
u
7 5 % - 5 0 % -  
100% 75%  
o f  maximum
2 5 % -
50%
A  6 2 .3 2 .9 2 .9 4 .2 1 0 .3 3 1 .0
B6 2 . 0 2 . 0 2 .3 0 . 6 * 2 7 .7
C 6 0 . 6 0 .4 0 .5 1 . 6 3 .5 1 1 .7
D 6 0 . 0 0 . 0 0 . 1 0 .4 0 .9 0 .9  .
A 10  . 4 .1 4 - 7 6 . 2 7 .5 8 .9  ( 4 5 .6  j
BIO 3 .2 3 .6 5 .5 1 1 . 0 1 0 .7 3 3 .7
C IO 0 . 8 0 .5 0 .3 1 .9 4 .2 8 .4
DIO 0 . 2 0 .4 0 . 8 1 .5 4 .8 8 .7
A 14 5 .2 5 .5 6 .3 6 .4 7 .3 2 7 .8
B14 4 .1 4 .7 5 .8 9 .3 1 1 . 6 3 7 .1
C14 1 .3 1 . 0 0 .9 2 .3 5 .8 9 .3
D14 2 . 1 2 .5 2 . 8 2 .7 5 .5 7 .6
A 18 5 .7 5 .9 7 .1 8 .9 9 .8 3 5 .3
B18 3 .6 4 .8 5 .6 6 .7 8 . 1 2 5 .4
C18 1 .4 0 .9 1 .3 3 .1 5 .3 1 0 . 1
D18 1 . 8 2 .3 3 .1 2 .3 6 .7 8 .5
*  no values in that range
Table 3 —1 —b * Maximum Percentage Errors: A xial Forces,
(approximate analysis with respect to exact analysis)
CASE 7 5 % -
100%
F =  
c
5 0 % - 2 5 % -  
75%  50%  
of maximum
7 5 % -
100%
of
Fb =  
5 0 % -  
75%  
maximum
2 5 % -
50%
A 6 4 .2 1 1 .9 18.1 8 . 8 1 3 .4 8 3 .2
B6 0 .4 0 .7 7 .2 0 . 0 1 .7 3 .3
C 6 2 . 1 3 .7 1 2 .3 0 . 0 * 13.1
D 6 0 .3 0 .4 0 .9 0 . 0 1 .4 1 .4
A 10 7 .5 1 1 . 0 2 9 .8 5 9 .3 5 4 .0  ( 1 9 9 .0  1
BIO 2 .7 9 .3 1 4 .0 0 . 0 1 4 .8 8 6 . 0
C IO 2 . 2 1 . 1 1 3 .4 0 . 0 17.1 3 8 .7
D IO 2 . 0 5 .9 9 .9 0 . 0 18 .2 4 2 .9
A 14 5 .3 9 .7 2 7 .3 2 3 .1 2 6 .5 5 1 .8
B14 3 .2 7 .3 1 6 .5 5 .3 1 2 . 8 3 7 .6
C14 2 .5 2 .9 1 1 .9 2 . 1 1 7 .3 1 3 .7
D14 3 .5 3 .6 8 . 8 3 .7 15.1 2 6 .3
A 18 6 . 1 8 .5 19 .2 1 4 .7 1 9 .3 4 9 .5
B18 2 .4 9 .1 1 3 .8 4 .3 1 0 .9 4 1 .6
C18 2 .7 3 .5 1 0 . 6 2 .9 1 3 .3 2 5 .4
D 18 2 .9 4 .2 9 .3 4 .5 15 .2 3 3 .1
*  no values in that range
c) Computational Economy.
The method developed in this chapter presumes the use of an e lectron ic  
d ig ita l computer, and the computational economy is to be considered in terms 
of savings in computer storage and tim e; the main features are mentioned here. 
W e note that the solution o f the system K D = W  of the exact analysis, is 
basically  reduced to the solution of the 3 systems
(K r ) D -  W  *  3 -5 6 -a
B z z  z  z
(KciJi i (tV i = (wu*V 3-56'b
<KC2>22  «V2 = <V>2 3'56"C
Each of these equations is to be solved separately , and hence the storage required  
is that for the largest o f them . The number of equations in each o f these systems 
is obviously much less than in K (roughly one th ird ). It is interesting to note 
that not only the number o f equations in each system is much less than in the 
exact method, but also the "band w id th" of these equations is much less, as 
each layer is p ra c tic a lly  analysed separately as a plane pin-connected structure 
and the joints are much less interconnected together. In the case of the grids 
analysed in this thesis, the largest storage required is for -j) -j -j anc! is on ly  
about 18% of that required for K; the storage required for each of (K g)z z  and 
(I^c 2^22 being about 7%  of that required for K . Considering that usually  
the solution time is assumed to be a cubic function o f the number of equations, 
the savings are obviously tremendous both in storage and tim e .
W e fin a lly  conclude that the suggested method is feas ib le , and the 
errors due to the approxim ation are small and accep tab le , especia lly  when 
considered in conjunction w ith  the resulting computational economies. These 
economies not only w ill save on computer cost, but more im portant, they render 
the analysis of large structures feasible when it would have not been possible 
otherw ise.
Section 3 - 5 . Discussion.
Structural M e a n in g .
The relations developed in Sections 3 -3  and 3 -4 ,  and the approxim ation  
suggested, have been derived purely on a mathem atical basis. It is interesting  
to note however, that most of these relations could be given a structural m eaning.
In re lation  3 -3 3 -a ,  the m atrix (K ~ ) represents the stiffness m atrix
C uu
o f the top and bottom layers as a structure in the u p lan e . S im ila rly , the 
m atrix t (K g *) represents the stiffness m atrix o f the bracing members "reduced" 
to the u p lan e . The vector W ^ * can be interpreted as the external load vector 
reduced to the u p lan e . Putting
K *  =  (K ~ ) +  t (K * )  3 -5 7
uu L  uu d uu
relation 3 -3 3 -a  can be w ritten
K * D = W  *  3 -5 8
uu u u
which then represents the force displacement relation o f the structure reduced 
to the u p lan e .
In Ref. 4  (a copy o f which is given in Appendix C) a method was 
developed g enera liz ing  the idea of a two ended structural member, 
to a generalized  member consisting o f an assembly o f members and having  
many ends. The stiffness m atrix o f the structure was expressed in terms o f  
the summation of the generalized  members stiffness m atrices, considering a ll 
the degrees o f freedom at a ll the joints. The idea of a generalized  member 
is considered here in a s lig h tly  d ifferen t manner. A  generalized  member w ith  
many ends is considered as a structural elem ent, and its stiffness is formed for 
a certain  degree of freedom . In forming the total stiffness m atrix o f the 
structure, com patib ility  and equilibrium  at a ll the ends are considered for a 
certain  degree o f freedom . In this instance, the u degree o f freedom was 
chosen as the generalized  degree of freedom, the genera lized  members being
the top layer, the bottom layer and the bracing members.
In ignoring the term t (K D* )  (see relations 3 -3 3  and 3 -3 4 ) ,  it is
d uu
structurally speaking equivalent to assuming the stiffness m atrix of the bracing
members reduced to the u p lane, to be neg lig ib le  w ith  respect to the stiffness
of the chord members in that same p la n e . The total external load W  *  reduced
u
also to the u plane is then assumed to be taken by the structure consisting o f the 
chord members o n ly .
The load applied to a joint of the top or bottom layer, and taken by 
the chord members meeting at that jo in t, consists o f the external load (in the 
plane of that layer) and the interaction between the bracing members and 
chord members meeting at the jo in t. From relations 3 -2 9  and 3 -3 2  we can 
w rite
(K r ) D =  W  - ( K J  ( i C ) -1  W  - t ( K * )  D 3 -5 9
C uu u u B uz B zz  z  B uu u
where it is apparent that the total load on the chord members is (K ~ ) D , 
r r  C uu u
the external load is W  and the reaction between the chord members and the
r u -  -  -1  -  *1 bracing members is -  (K n) (K n ) W  -  t (K * )  D . By discarding the 
L  B uz B zz  z B uu u j  '  ^
term t (K n* )  , this reaction is approximated by | -  (K n) (K n) W  | the
B uu i r L  B uz .B zz  • z j
error on equilibrium  being the term t (K n* )  D . It is to be noted that although  
n B uu u
the stiffness of the bracing members has been ignored, the e ffec t o f the bracing  
members has been fu lly  taken into account in transferring the load applied  normal 
to the grid to the equivalent load applied in the plane u o f the g rid .
The matrix K represents the stiffness m atrix o f the structure i f  it were
fu lly  constrained in a ll the u degrees of freedom . The structure being stab le ,
is a fo rtio ri stable when thus constrained, and hence the non s ingularity  o f its
stiffness m atrix K . It is obvious that under such constraints conditions the 
zz
chord members are not e ffe c tiv e , and that the structure consists then o f the 
bracing members w ith  the joints free to move in the vertica l d irection on ly  as 
shown in F ig . 3 -2 .
z
■A
Bracing member
Constraints in u plane
F ig . 3 - 2 .  Section across the G rid  Fu lly  Constrained in u P lane.
In relation 3 -2 9 , the term represents the ve rtica l displacements o f the
system shown in F ig . 3 - 2 .  The term 
relation 3 -5 9 ) represents the reaction
K K _1
UZ z z
W
-1
(°r (KB W V 2z W l  in
Detween the bracing members and the
constraints in the u d irec tio n . The error in equilibrium  t (K n* )  D due to
d uu u
ignoring the term t (^ g * )uu *s *hen the e ffec t of "re laxation" in the chord 
members, the stiffness o f w h ich , although very large w ith  respect to the 
stiffness o f the bracing members reduced to the u p lane, is obviously not in fin ite  
as in the case of the horizontal constraints.
The Case o f S ta tica lly  Determ inate Structures.
W h ile  the relation (3 -3 5 ) where was found to be independent o f t 
is an approximation in the case o f the d o u b le -layer grids considered, it  can be 
shown that there are structures under certain  conditions, where such a re la tion  
becomes e x a c t. An example of such structures is a grid o f the configuration  
considered in this thesis w ith  N  =  3 and supported at four corners, or a s ta tic a lly  
determ inate warren truss; the discussion is more conveniently  carried out in 
terms of the warren truss.
W e first note that the relations and approximate method developed  
for d o u b le -layer grids in this chapter, apply equa lly  w e ll fo r a  p in-connected  
warren truss. Consider the warren truss shown in F ig . 3 - 3 .  Let P represent 
a general system of loading applied to the truss, and (F ^p  and (F ^ )p b e  the 
resulting forces in a typ ical chord member and bracing member respective ly .
Let d be the displacement at a typ ical joint J in a specified d ire c tio n . Let Q  
be a point load applied at joint J in the specified direction o f d , and (F ) q  
and (F j^ q  be the resulting forces in a typ ica l chord member and bracing member 
respective ly . Using the method of v irtua l w ork, the displacement d can be 
expressed as
M c L L
“ U ,  " V p O V q  w r *  'a  2 , <Fb 'p (Fb>Q (E S T
c— I c b— I b
3 -6 0
where the notation is as defined previously for d o u b le -laye r grids. Relation  
3 -6 0  can be w ritten  as
d =  d +  d, 3 - 6 1 -a
c t b
where
m g l
( g P ( g Q p T  3 - 6 l - b
c=l C
M b L
5b = '5 '  ^  (’Vq. (EST 3 ' 6 1 _ c
b=l c
N oting  that the truss is s ta tica lly  determ inate, the member forces are independent
o f t and hence d and d. are independent of t .  
c b r
W e now consider the displacement d^ o f a typ ica l joint J in a d irection  
p ara lle l to the chord members, w ith  the truss being under fu ll symmetry conditions  
(F ig . 3 - 4 ) .
(a) Loading System P
(b) Loading System Q
F ig . 3 -3 .  Warren Truss -  Non Symmetrical Loading.
<
/ / / / ,
r
to
(a) Loading System P
<
(b) Loading System Q
Fig. 3 -4 . Warren Truss -  Symmetrical Loading.
W e note that w h ile  under the loading system P symmetrical bracing members 
have the same ax ia l force in magnitude and sign, under the loading 
system Q  symmetrical bracing members have forces o f the same modulus but 
of opposite sign. Consequently, in relation 3 -6 1 -a  the second term disappears, 
and we have
M c L
do = dc = ^  I E  (Fc)p (Fc)q  ^  3 -6 2
The relation shows that in this case d^ is independent o f t ,  and depends
on the internal work in the structure done by the chord members o n ly . Hence,
the displacement vector o f a s ta tica lly  determ inate warren truss under fu ll
symmetry conditions, is independent of t .  Relation 3 -3 3 -a  suggests then that
(K r,*) = 0 , as t is d ifferent from zero , and the relations suggested as an
d uu
approximation in the case o f d o u b le -layer grids, are then exact in the case of 
a warren truss. In fa c t, such a truss was analysed using the method and computer 
programme developed in this chapter ignoring the term t (K g *) and the results 
obtained were 100% in agreement w ith  the exact analysis. S im ila rly , the 
d o u b le -laye r grid type considered in this thesis w ith  N  = 3 , corner supports only  
and fu ll symmetry conditions, is a s ta tica lly  determ inate structure. Using the 
approximate method, such a grid was analysed for two d ifferent loading conditions  
(uniform ly distributed load a ll over, and concentrated load at the centre as defined  
in cases C and D , Section 2 - 2 ) and the results were also found to be 10 0 %  in 
agreement w ith  the exact analysis, as in the case o f the warren truss.
It would be interesting to examine also the case where the loading system 
P is not symmetric. We note that the forces (F j^ q  in the bracing members, besides 
being independent o f t ,  are also independent of the position o f Q  (p ara lle l to the 
chord members) in a g iv e n .la y e r . Consequently, the term d^ in re lation  3 -6 1 -a  
is the same for a ll the joints o f a given layer; in p articu la r, it is null for joints 
in the layer which is constrained h o rizo n ta lly . For instance, if  the bottom layer  
is constrained h o rizo n ta lly , the horizontal displacement d^ at a joint J o f the 
top layer is o f the form
where y  is the same for a ll the joints o f the top la y e r. The horizontal
displacement d^ (and hence the displacement vector ) are then dependent
on t ,  and the term (K * )  cannot be n u ll.  However, as d, is the same for
B uu b
a ll joints of the top layer, the e ffec t of the bracing members is e ffe c tiv e ly
to constrain the top layer against a rigid body movement, and the term (K g *)yu
provides this s tab iliz ing  e ffe c t. Should this term be ignored, the stiffness
m atrix ( K ^ ^  -j of the top layer becomes singular. In that case, horizontal
constraints are to be introduced to the top layer in order to s tab ilize  it  against
rig id  body movement, and make it a stable structure by its e lf. The analysis
of such a structure would then not y ie ld  the correct values of displacements, but
the forces in the chord members being function o f the difference o f d would
u
be correct and remain independent o f the term ignored and o f the constraints 
introduced.
Considerations on D ifferent G rid  Cases.
The s tab ility  o f the top and bottom layers was considered for the grids 
analysed in this thesis; other conditions and types o f grids can be studied in a 
sim ilar manner; a few are discussed here.
The top layer o f grid type G 3  is, as mentioned before, stable except 
for rigid body movement; s im ila rly , the top and bottom layers o f grid type G 5  
are also stable, provided that they are constrained against rig id body movement.
In symmetrical cases, constraints can be introduced in such a w ay that they do not 
take any reaction and hence they do not a ffec t the behaviour of the structure.
In non symmetrical cases where some constraints need to be introduced, these 
constraints should be chosen in such a w ay that they m erely provide the required  
stab iliz ing  e ffec t w ithout a ffecting  much the behaviour o f the structure; such 
cases are to be studied ind iv id u a lly  when encountered.
The bottom layer o f grid type G 3  (and the top and bottom layers o f grid  
type G 2 ) has already been discussed for the symmetrical case. In non symmetrical 
cases, constraints have to be introduced to s tab ilize  i t .  This for instance could  
be achieved by constraining the joints o f two adjacent edges in a d irection  
p ara lle l to the edge; however the choice of constraints depends on the grid
conditions as mentioned above.
It is to be noted that in using the method described in this chapter, 
once the equivalent load (W  * )  in the u plane is found, it is not necessary to 
fo llow  the form ulation given step by step and any method of analysis can be 
used. The top and bottom layers can then be solved as plane p in-connected  
structures under this equ ivalent load, by any suitable method. For instance, 
the forces in the chord members o f grid type G 2 can be found m erely by inspection  
and it is hardly necessary to set up any number o f simultaneous equations. It 
is also interesting to note that in grid type G 3  studied in this thesis, there are  
no more than two bracing members meeting at a joint of the top la y e r. Conse­
quently , once the forces in the chord members o f the top layer have been found 
from the horizontal displacements, the forces in the bracing members can be found 
from equilibrium  at the joints, w ithout ac tu a lly  solving for D ^ . This w ould be 
also possible w ith  th ree -w ay  grids, as they usually have no more than three 
bracing members meeting at a jo in t.
F in a lly  it is worth noting that although the method developed in this 
chapter has been checked for the grids analysed in this thesis on ly , the form ulation  
is independent of the grid configuration and conditions, and there appears to be 
no reason why it should not prove as e ffic ie n t in other cases.
CHAPTER FOUR
APPR O XIM A TE A N A LY S IS  -  PART II
Section 4 - 1 .  In troduction . - '
In this chapter a technique is developed to obtain economical ly (by 
in terpo la tion*) a good approximation of the displacements and forces in the 
grid , for varying properties o f the bracing members. The displacements and 
forces are first expressed as a function o f t ,  by an exact but complex re la tio n .
This relation is then used to obtain  an e ffic ie n t interpolation function expressing 
the displacements and forces in terms of t by an approximate but simple re la tio n . 
Relations combining the e ffec t o f t and 9 are then developed, showing how the 
results obtained for a study in variation  of t , can as w ell be used to study a 
combined variation  in t and 9 .
The idea of’ using an interpolation function to study the behaviour o f 
structures has first been introduced in Ref. 2 1 . The technique developed in 
this chapter presents a d ifferen t approach to the problem .
Section 4 - 2 .  The Exact Function .
In this section, the displacements and forces in the grid are expressed as a 
function o f t; the re lation  is exact and is found by using Cramer's rule (see for 
instance Ref. 9 ) .
Consider the system of equations expressed in matric form by the re lation
th
KD = W  (relation 1 -1 1 ) . Let d. denote the j component o f the displacem ent
I . # . th
vector D and K. denote the square matrix obtained by replacing the j column
of K by the column vector W . Let the determinants of K and K. be denoted by 
I K I and I K. I respective ly .
*  In this thesis the word in terpolation is genera lly  used to mean both " in te rp o la tio n "  
and "ex trapo lation".
Using Cramer's ru le , and provided that I K I /  0 , every component d. 
of the solution vector D can be expressed as
I K. I
d. =  I  4 -1
I I K 1
j =  1, 2 , . . . , n  
I K I / O
where n is the number o f equations. The condition I K  I / O  is equ ivalent to 
the m atrix K being non singular, and is hence satisfied in the case o f stable 
structures.
Consider relation 4 - 2 - a ,  obtained from relations 3 - 1 -b  and 3 —15 —b
K =  Kr  +  t K d 4 - 2 -a
L  D
-  . .th
Let k .. , (kc) . .  and (k j^ j* denote the components corresponding to the i row
th -
and j column of the matrices K , and respective ly . W e have then
k ..  =  (k ) . .  + t ( k , ) . .  4 - 2 - b
i j c I |
i =  1, 2 , . . . ,  n 
I l , 2 , . . . , n
where the scalar coefficients k .. , (k and (k, . are independent o f t as
i j c i j b i j .
K^. and are independent o f t .
By expanding the determinant of K in terms o f the coeffic ients k . .  , and 
substituting relation 4 -2 -b  for k .. , it can be shown that the determ inant of K
. ' I .can be expressed as a polynomial in t , of order n . Denoting such a polynom ial
by Q (t )  , we have 
n
I K I =  Q (t )  4 - 3 - a
n
where
Q ^n =q0 + ql t + q2 *2 +  ••• +qn ^  4_3"b
and where the scalar coefficients q^, q . , . .  .q  , are function of (k and
'U 11 'n c m
(k^).. only and are independent of t .
Consider now the expansion of the determ inant of K. . We note that its
coeffic ients are a linear function of t as shown in relation 4 -2 - b ,  except for
the coefficients o f its column which are equal to the components w .
(i =  1 , 2 , .  . , ,n )  o f the load vector W and are independent o f t .  It can then
th
be easily shown (by expanding I K. I about the j colum n), that the determ inant
of K. can be expressed as a polynomial in t of order n - 1 . Denoting such a
polynomial by P.(t) , we have
'  l n - l
I K. I =  P. (t) ' 4 - 4 - a
I i n - l
where
P. (t) =  p. +  p. t +  p .9  t2  +  . . ,  +  p ., 1 4 -4 -b
I n - l  r |0  | 1 |2 | ( n - l )
and the scalar coeffic ients p .„ # p. , # • • • #  p ./ , \  are function of (k ,
| 0  | 1 | ( n - l )  c i|
(k ^ ).. and w . only and are independent of t .
F in a lly , substituting relations 4 -3  and 4 -4  into relation 4 -1  we obtain
' Pi ( t )n 1
d i =  Ri (t)n = - h t T  4 ' 5
where R. (t)^  is a rational function in t of order n, w ith  the denominator being a 
polynomial in t o f order n and the numerator a polynomial in t of order n - l .
We note from re lation  4 -1  that the denominator is independent of j, and hence 
the polynomial Q  and its coeffic ients q are common to a ll the displacement 
components d. (j =  1 , 2 , . .  #n) and do not contain the subscript j .  O n the other 
hand, the numerator is dependent on j, and hence the polynomial P and its 
coefficients p are d ifferent for d ifferent components d. and are subscripted by j .
W e now derive sim ilar expressions for the member forces. Substituting  
relation 4 -5  into relation 1 -2 3 , we obtain
For a chord member, we have z = 0(the u plane is assumed to be p ara lle l 
to the plane of the grid)and the last two terms disappear; noting that the 
denominator polynomial Q  (t) is common and that x , y and (EA)
ITm
are independent o f t ,  relation 4 - 6  for a chord member can be w ritten
P (0 ,
F =  R (t) c "  4 - 7 - a
c c w n Q  (t)
n
where
(EA)C /
PC W n-1 = ^ 2 — ( x PJx (t)n - l  ■ x pix ( t )n - l  +
y PJy «n-l ^  Ply (tVl ) ^
and the coefficients of P^ are independent of t .  F o ra  bracing member, none 
o f the terms in relation 4 - 6  disappears, and noting that (EA)^ =  t (EA)^ 
and that x , y , z ,  (EA)^ and are independent of t ,  re lation 4 - 6  for a bracing  
member can be w ritten  as
p, «
V W w  4 - 8 - °n
where
( E A ) c  r
Pl (0  -  t —X—  (  x  P . (t) , -  x P ,  (t) 1 +  y P (t) vb n .2  \  Jx n - l  Ix n - l  7 Jy n - l
L b
■yPly(t)n-l +zPJz(t)n-l ' z PlzWn-l ) 4'8'b
It is then concluded that the displacements and forces can be expressed 
as a rational function in t o f order n . The denominator is a polynomial o f 
order n and is common to a ll displacements and forces; the numerator is a 
polynom ial of order n - l  for the displacements and chord member forces and
o f order n for the bracing member forces, and is in genera! d ifferent for 
different components.
Section 4 - 3 .  The Approxim ate R e la tion .
The rational function obtained in the previous section expresses the 
displacements and forces as an "exact" function of t .  The coefficients  
p and q in the expressions could be found by ac tu a lly  expanding the determinants 
and fo llow ing  the derivations step by step. O nce these coefficients are found, 
the displacements and forces could then be obtained for any value o f t .  However, 
this is com putationally more expensive than analysing the structure for about n 
differen t values of t and hence is not p ra c tic a l. In p rac tice , one may need to 
know the displacements and forces for a number o f d ifferen t values o f t ,  and 
we look for some economical way o f achieving this w ithout ac tu a lly  solving for 
a ll the d ifferen t values of t .  As the exact relations are costly, we seek 
approximate but simpler relations from which we can econom ically assess the 
behaviour o f the displacements and forces, nam ely by interpolation from few  
known exact values. The problem is then to choose a suitable "in terpolation  
function", the criterion being to obtain the best approximation w ith  the minimum  
e ffo rt. In our case, the main effort depends on the number of undetermined 
coeffic ients in the interpolation function, not only because the more there are 
coeffic ients the more it is d iff ic u lt to use the interpolation function, but m ainly  
because as many exact values are required as there are coeffic ien ts . The problem  
can then be stated: which function gives the best approxim ation for a given number 
of co effic ien ts .
A  main step in determining the interpolation function is to find the type o f  
function which is most su itab le . The most common types o f interpolation functions  
are polynom ials, other types being trigonometric functions, rational expressions, 
exponentials and others. The purpose o f the exact relations developed in the  
previous section is to suggest the type of interpolation function to be used, and 
the choice of the interpolation function is discussed here.
The exact relations obtained for the displacements and forces are a ll a 
rational function of the form
where P (t) and Q  (t) are polynomials in t o f order at most equal to n . W e  
n n
first note that t can only be zero or positive and that relation 4 - 9  is singular 
for t =  0 but has no s ingularity  for any value of t > 0 .  This can be argued on 
physical grounds, for the condition t = 0  represents the grid having no bracing  
members, in which case the structure is obviously unstable and its determ inant 
is then n u ll. We have in that case
Q  (t) =  I K I = 0  4 -1 0 -a
n
t =  0
Relation 4 -1 0 -a  shows th a tq ^  = 0 for any value o f t) and the general form of 
the rational expression is
p +  p t +  prt t^ +  . . .  +  p t °
• « / . % _  0  P 1 2  pn
R (t) r \
n q,  t + q2 f + • • •  + qnf
However, the structure is stable for any positive
Q  (t) =  I K I > 0  4 -1 1
n
t >  0
Further, it can be shown (Ref. 25) that a rational function such as R (t) is
n
continuous at any point t =  t , provided that the denominator o f the expression
does not vanish at t =  t .
o
Hence, it is read ily  seen from re la tions4-10  and 4 -1 1  that the function  
R(t)^ is continuous and has no singularity point for any positive value o f t ,  
but is singular at t =  0 .  This justifies the p lotting  o f the curves given in Figs. 
2 -31  to 2 -4 2  for displacements and forces in terms o f t; these curves show the 
singularity point near t =  0  (especially  in the case o f vertica l displacements) and 
that the function seems to approach assymptotically a constant value when t 
becomes large. . - .
4 -1 0 -b
value of t ,  and hence
As the original function is a rational expression, and that there is a 
point of singularity as t becomes zero and an assymptote as t becomes large, 
this suggests that a rational expression of lower order would provide a suitable  
in terpolation function . Rational approximations (see Refs. 2 and 24) are the 
simplest type of approximation functions, next to polynom ials. They can 
produce more powerful approximations than polynom ials, are more general and 
capable o f accurate ly  representing certain types o f singular or near singular 
behaviour and to operate in in fin ite  range.
It is known, although not proved, that in rational approximations, best 
approximations are usually obtained by having equal degree in the numerator 
and denominator (Ref. 2 4 ). Hence we seek an interpolation function I (t) o f 
the form
1 .+ a ..t +  a„t^  +  . . .  +  a t m
I (t) = ------- !------ 4— -------------—  4-12
m b .t  +  b0t +  . . .  + b tm 
I Z m
where m < n .  We try the rational expression of order m = 1 and we have 
1 +  a..t
'W r-B jr- , 4-i3
which can be w ritten  in the form
I (l)1 = a+p 4-14
It is necessary for the interpolation function to have no s ingularity  
points in the region under consideration and to be continuous. These two 
points are read ily  satisfied in the proposed approximate function of re lation  
4 -1 4 ,  for any value of t > 0  as is the case w ith  the exact orig inal fu n c tio n . 
Furthermore, this interpolation function has a point of singularity at t =  0 , 
and goes assymptotically to a constant a as t becomes large, in a sim ilar manner 
to the exact function .
It would be interesting to note that rational expressions can be 
expressed in the form o f continued fractions. These can take many forms 
(see for instance Ref, 2 4 ), and one of such forms is given in relation 4 -1 5
R(t) =  a°   ---------------------------------------  4 -1 5
b + a . t  o 1__________ _____________
W  "
b2 + a 3t
b« +  a . t
3 4
b4 + ’
Truncation o f the continued fraction yields a rational expression o f lower 
order, as for instance is shown in relations 4 -1 6
a
R(t) = r 2 - =  p 4 - 1 6 -a
o b o
o
R( 0 ,  =  , °  : =  ;------   4 -1 6 -b
1 b + a , t  q + q . t
o 1 ^ o ^ l
a p +  p ,t
R( 0 ,  =  r ^ r — :------------=  — -T 4 -1 6 -c1 ■b + a A  q + q t
o 1 ^ o ^ l
b ,  +  a 2 t
b2
where the coefficients p and q are found in terms o f a and b .
The way the interpolation function is proposed to be used here, is as
th
fo llow s. Let it be required to find the j displacement component d . for any  
value of t .  Using the proposed interpolation function o f re lation  4 —14, the 
displacement component d. can be expressed approxim ately in terms o f t by
b.
d . =  a . +  --L - 4 -1 7
I I f
the symbol ( ’ ) being used to indicate an approximation. To find out the
two coeffic ients a . and b. , we carry out two exact analyses of the structure 
• 1 1for two d ifferen t values o f t ,  say t .  and t« .  Let d ..  and d.~("nodal points" of
.th I *.
interpolation) be the j displacement components corresponding to the cases
t = t j  and t =  respective ly . From relation 4 -1 4  we can w rite
b.
d = a . +  _ L  4 -1 8 -a
' I 1 I t ]
b.
d .0  =  a . +  —L 4 - 1 8 -b
i2  i t2
These two equations can be solved simultaneously for the two unknown
coefficients a . and b. , which can then be substituted into relation 4 -1 7  to 
I I
give
dj = djl + (dj2- V  T~7T1 4 -1 9
From this re la tio n , the displacement component can be easily  found
(approxim ately) for any value o f t .  The member forces can be treated in a
sim ilar manner. Denoting by F j and F j  the forces in a typ ica l member m
for the two d ifferen t values t .  and t0 respective ly , the member force F for
I Z m
any value of t can be approximated by 
. t  t .
F m  =  Fm l +  (Fm2 - Fml > T j :  4 ' 20
h  f i
Relations 4 -1 9  and 4 -2 0  have been expressed in a form which is practical to 
use, although they could have been expressed in a form which is symmetrical
w ith  respect to t^ and -
It is to be noted that the two values d .,  and d.« (F F «) are not11 |2 m I mz
obtained from the exact rational expression by expanding the determinants, 
but from a numerical solution of the equation K D = W . Further, it is on ly
required to have two such solutions to obtain a ll the a . and b. coefficients
I I
for a ll the displacement components d  ^ , 6^ , . . . d .  , . . . d ^  (or forces F.j, ?2'
. . .  F , . . . F . , ) .  These coefficients are in genera! d ifferent for d ifferen t 
m M
components and would to a certain extent depend on the choice of t^ and t2 * 
Section 4 - 4 .  V a lid ity  of the Approximate Relation -  Discussion.
The methods for obtaining rational approximations are not w e ll known 
(as compared w ith  the corresponding methods for polynomial approxim ations), 
and in most cases error estimates are quite d iff ic u lt to o b ta in . These two facts 
make the whole business of rational approximations "rather more of an art 
than a science" (Ref. 2 4 ) .  The interpolation function suggested in the previous 
section, has been obtained on the basis of a number of arguments and plausible  
reasoning; the v a lid ity  of this function, however, needs yet to be checked.
In some cases, a theoretical assessment of the errors resulting from using an 
approximate rational function is possible, as for instance by using Th ie le 's  
remainder theorem provided that the approximate function is of high order. 
However, this does not apply to the interpolation function used here and it was 
found more appropriate in this work to find the errors num erically , especia lly  
that the "exact" results are ava ilab le  from the analyses carried out in C hapter 
T w o . These errors are given in Tables 4 -1  and 4 -2  and the tables have been 
obtained as fo llow s.
The two cases t^ and t2  providing the nodal points o f in terpo lation , were  
chosen to be t^ =  0 .1 3 3  and t2  =  0 .4 .  Using the results o f the analyses carried  
out in Chapter Two, relations sim ilar to relations 4 -1 9  and 4 -2 0  were set up for 
a ll displacements and a ll forces. From these relations, approximate values for 
the displacements and forces were found, for the cases t =  0 . 1, t =  0 . 2  and 
t =  1 0 .0 .  The percentage errors (w ith respect to the exact values) are then found 
by comparing these approximate values to the corresponding exact values obtained  
from the analyses of Chapter Tw o. For each of the 16 basic cases defined in 
Chapter Two, and each of the three values of t ( 0 .1 ,  0 .2 ,  1 0 .0 ) , Table 4 -1  
gives the maximum (in modulus) percentage error on displacements between  
7 5 -1 0 0 % , 5 0 -7 5 %  and 2 5 -5 0 %  o f the maximum (in modulus) exact displacem ent; 
the maximum percentage errors on the forces are given in a sim ilar manner in 
Table 4 - 2 .
Table 4 -1 .  Maximum Percentage Errors: Displacements,
(interpolation values with respect to exact values)
CASE
d = 75 -1 0 0 %  of 
maximum
d =  5 0 -7 5 %  of 
maximum
d =  2 5 -5 0 %  o f 
maximum
t =  
0 . 1
t =  
0 . 2
t =  
10
t =  
0 . 1
t = 
0 . 2
t =  
10
t =  
0 . 1
t =  
0 . 2
t =  
10
A 6 0 . 1 0 . 1 2 . 0 0 . 1 0 . 1 2 .7 0 . 1 0 . 1 2 . 6
A 10 0 . 1 0 . 1 0 . 8 0 . 1 0 . 1 0 .9 0 . 2 0 . 1 1 . 2
A 14 0 . 1 0 . 1 0 .3 0 . 1 0 . 1 0 .4 0 . 2 0 . 1 0 .5
A 18 0 . 1 0 . 0 0 . 2 0 . 1 0 . 0 0 . 2 0 . 1 0 . 0 0 . 2
B6 0 . 1 0 . 1 1 .9 0 . 1 0 . 1 1 .9 0 . 1 0 . 1 1 .9
BIO 0 . 1 0 . 1 0 . 8 0 . 1 0 . 1 0 .7 0 . 2 0 . 1 1 . 0
B14 0 . 1 0 . 0 0 .3 0 . 1 0 . 1 0 .3 0 . 1 0 . 1 0 .4
* B18 0 . 1 0 . 0 0 . 2 0 . 1 0 . 0 0 . 1 0 . 1 0 . 0 0 . 2
C 6 0 . 0 0 . 0 0 .7 0 . 0 0 . 0 0 .4 0 . 0 0 . 0 0 . 6
C IO 0 . 0 0 . 0 0 . 2 0 . 0 0 . 0 0 . 2 0 . 0 0 . 0 0 .3
C14 0 . 0 0 . 0 0 . 2 0 . 0 0 . 0 0 .3 0 . 1 0 . 0 0 .5
C18 0 . 0 0 . 0 0 . 1 0 . 1 0 . 0 0 .3 0 . 1 0 . 1 0 .5
D 6 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 1
D IO 0 . 0 0 . 0 0 . 1 0 . 0 0 . 0 0 . 2 0 . 0 0 . 0 0 .4
D14 0 . 0 0 . 0 0 . 1 0 . 0 0 . 0 0 * 2 0 . 1 0 . 0 0 .5
D18 0 . 0 0 . 0 0 . 1 0 . 1 0 . 0 0 . 2 0 . 1 0 . 1 0 .4
Table 4 - 2 .  Maxim um  Percentage Errors: A x ia l Forces, 
(in terpo lation  values w ith  respect to exact values)
©
CASE
F = 7 5 -1 0 0 %  of 
maximum
F = 5 0 -7 5 %  of 
maximum
F = 2 5 -5 0 %  of 
maximum
t =  
0 . 1
t =  
0 . 2
t =  
10
t =  
0 . 1
t =  
0 . 2
t =  
10
t =  
0 . 1
t =  
0 . 2
t =  
10
A 6 0 .5 0 .3 2 .5 1 . 2 0 .7 7 .5 1 . 8 1 . 0 1 1 . 1
A 10 0 .5 0 . 2 1 . 0 0 . 6 0 .3 1 .3 1 6 .7 5 .6 17.1
A 14 0 .3 0 . 1 0 .4 0 .5 0 . 2 0 .5 7 .1 2 .5 8 . 1
A 18 0 . 1 0 . 1 0 . 2 0 . 2 0 . 1 0 .4 3 .7 1 .3 4 .4
B6 0 . 1 0 . 0 0 .7 0 . 1 0 . 1 1 .4  . 0 .7 0 .4 4 .5
BIO 0 .3 0 . 2 1 . 1 0 . 8 0 .4 2 .5 1 . 0 0 .5 2 . 8
B14 0 .3 0 . 1 0 . 8 0 .4 0 . 2 1 .3 0 .7 0 .3 2 . 0
B18 0 . 2 0 . 1 0 . 6 0 .3 0 . 2 0 .9 0 .4 0 . 2 1 .3
C 6 0 .3 0 . 1 1 . 6 0 .4 0 . 2 2 .7 1 .3 0 . 8 9 .7
C IO 0 . 2 0 . 1 0 . 6 0 . 1 0 . 1 0 .5 1 .4 0 .7 5 .9
C14 0 . 2 0 . 1 1 . 0 0 . 6 0 .3 2 .4 1 .5 0 . 8 6 . 6
C l 8
/
0 .4 0 . 2 1 . 1 0 .5 0 . 2 1 .3 1 . 6 0 .9 6 .4
D 6 0 . 0 0 . 0 0 . 2 0 . 1 0 . 0 0 .3 0 . 1 0 . 1 0 . 6
D IO 0 . 2 0 . 1 0 .9 0 .5 0 .3 2 . 0 0 .9 0 .5 4 . 9
D14 0 .3 0 . 2 1 .5 0 . 6 0 .3 2 .7 1 .4 0 . 8 6 . 2
D18 0 .5 0 . 2 0 . 8 0 . 6 0 .3 1 .7 1 . 6 0 . 8 5 . 7
An exam ination o f these-tables shows that the errors are very sm all,
and that the simple interpolation function chosen is indeed a good approxim ation
to the actual function . The closeness of the approximation function , and the
errors on d ifferen t values o f t ,  depend on the choice o f t^ and t^ . As it can
be read ily  seen from relation 4 -1 4 ,  the interpolation function chosen is lin ea r
in j , and the values o f t were chosen (Section 2 -2 )  in such a way that the
1
inverses are at equal (or nearly equal) intervals (— =  0 .1 ,  2 .5 ,  5 .0 ,  7 .5  and 1 0 .0 ) .
The interpolation function was checked for the middle and extreme values
(~  =  0 .1 ,  5 .0  and 1 0 .0 ) , the nodal points o f interpolation being the interm ediate  
1
values ( j  = 2 . 5  and 7 .5 ) .  S tric tly  speaking, on ly  the approxim ation o f the 
displacements and forces corresponding to the middle value is an " in te rp o la tio n " , 
w hile  it is an "extrapolation" for the two extreme values. The process o f 
extrapolation is usually more d iff ic u lt and prone to larger errors than in the case 
of in terpo lation , and the fact that the errors obtained are sm all, stresses the 
point that the approximate function used is a good representation o f the exact 
function . Furthermore, by p lotting the values of displacements and forces 
versus ~  , it was found that they f it  very closely a straight lin e , ind icating  that 
the coeffic ients a and b are not sensitive to the choice of t^ and The errors 
obtained could then be safely assumed to be of the same order for other reasonable 
choices of the nodal points t j  and
Such an interpolation approach is useful, especia lly  in the case o f the 
vertica l displacements which have sharp variations as shown in the graphs and 
tables presented in Section 2 -3  (Part 3 ) .  Further, the closeness o f the f i t  is 
impressive in this case, considering.that the interpolation function has two  
coeffic ients only w h ile  the exact one has hundreds. It appears that the exact 
function which is of high order is p rac tica lly  represented by a sim ilar re la tion  o f 
first order e ith er because the exact relation can be sim plified (by having common 
roots for the numerator and denominator say), or because the e ffec t of h igher terms 
is n e g lig ib le . In fa c t, it can be shown that there are structures, nam ely the 
warren truss discussed in Section 3 -5 ,  where the interpolation function used as 
an approxim ation becomes an exact re la tio n . From relations 3-61  and 4 - 1 7  
it is apparent that the exact expression for the displacement in the truss is the same 
as the interpolation function, and that we can w rite
a = d 4 -2 1 -a
c
b =  db ’ 4 -2 1 -b
fo r the truss, w ith  the relations being approxim ately equal in the case o f the 
g rid . Considering the graphs given in Figs. 2 -31  to 2 -3 4 ,  it  is apparent that 
as t becomes very large, the vertica l displacement approaches assym ptotically  
the value corresponding to d^ (internal work in the structure done by the 
chord members), and as t becomes small the appreciable increase in the vertica l 
displacement corresponds to db(internal work in the structure done by the bracing  
members).
It is interesting to correlate the relations obtained from virtual work 
consideration w ith  the relations obtained from the stiffness method form ulation . 
From relations 3 -3 2  to 3 -3 4 , we can w rite
D = j ( i < R) ' 1 w - ( R j -1 ( K J  D 4 -2 2z  t B zz  z  B zz  B zu u
putting
and
Z  = ( K . ) -1 W  4 -2 3 -a
B zz  z
U =  - ( R r )_1 (K r ) D 4 -2 3 -b
B zz  B zu u
and substituting into re lation  4 -2 2  we obtain
D = \ z  +  U 4 -2 4z  t
From relation 4 -2 4 ,  the relation for a vertica l displacement component can be 
w ritten  as
dz = } z  +  u 4 -2 5
We note that Z  is independent o f t ,  and in the case of the warren truss U is also 
independent of t and hence z and u are independent o f t .  Comparing re la tion  
4 -2 5  to 3 -6 1 -a  we find
Hence in relation 4 -2 4 ,  U and — Z  represent the contribution (in the case o f 
the grid where U is nearly independent of t ,  they form the main contribution) 
to the vertica l displacements due to the internal work done by the chord 
members and bracing members respective ly .
In the case o f horizontal displacements and forces, the variations w ith  
t are small as shown in the figures and tables presented in Section 2 -3  (Part 3) 
and it would not be d iff ic u lt to obtain a good approximation w ith  two coeffic ients  
o n ly . Nevertheless, many trials were carried out (w ith  a large number o f 
significant figures) and have shown that the interpolation function chosen was 
superior in this case to other functions w ith  two coeffic ien ts , which are 
usually used in curve fittin g  and provide good approximations (Ref. 3 ) .
It can be concluded that the technique proposed in this chapter leads to 
an e ffic ie n t approximation function and is supported by numerical checks 
although no strict m athem atical rules can be g iven . It is f in a lly  worth m ention­
ing that sim ilar components (vertica l displacements, horizontal displacements, 
chord forces, bracing forces) behave s im ilarly  and consistently for d ifferen t grids 
and conditions. Hence, an effort in finding an appropriate function can be 
justified , and checking its v a lid ity  for few  typ ica l components could be 
representative for the rest o f the structure and for other cases.
Section 4 - 5 .  The Combined Effect of the Cross-Sectional A rea and 
Inc lination  of the Bracing Members.
It has been proposed in this thesis to investigate the e ffec t o f in c lin a tio n  
and cross-sectional area o f the bracing members on the behaviour o f the g rid .
The results presented in Chapter Two and the derivations given in this chapter, 
however, have so far considered variations in the cross-sectional area o n ly .
In this section, relations are derived showing the in terre lation  between the
cross-sectional area and the inclination  o f the bracing members, and how 
results concerning the cross-sectional area can be used to include the e ffec t 
o f inc lination  as w e ll .
Form ulation.
From relations 3 -8 ,  the stiffness m atrix o f a bracing member can be 
w ritten  in the form
Kb =
XX
xy
xy
yy
-XX
-x y
-x y
-y y
xz
yz
1
N 
N 
X 
>N 
I
I
<EA)b
-XX
-x y
-x y
-y y
XX
xy
xy
yy
-x z
-yz
XZ
yz
xz yz —XZ -y z zz -z z
-x z -y z xz yz -z z z z
W e define the dimensionless parameters 
Lb3
A = — t
*c2
f * - A  
h
k =
4 -2 7
4 -2 8 -a
4 -2 8 -b
4 - 2 8 -c
c2
where is the length o f a chord member of the bottom layer (chosen a rb itra r ily  
and used throughout). From relations 4 -2 8 -a  and 4 -2 8 -b  we have
(EA).
<EA>b L b
(EA)
, 3 (EA) 3 
L b = c 2
L
c2
(EA) (EA)
c —  i 4 -2 9
c2 c2
Let s be the sign of z  (s =  +  1 if  z  >  0 , s =  -  1 if  z  <  0); noting that the height 
h of the grid is equal to the modulus of z , we have
z = s h 
and from relation 4 -2 8 -c
4 -3 0 -a
z =  s k L
c2 4 -3 0 -b
or
z =  k v
where
v = s Lc2
4 -3 0 -c
4 -3 0 -d
is used for convenience.
Using relations 4 -2 9  and 4 -3 0 ,  re lation 4 -2 7  can be w ritten  as
= V
XX xy -XX -xy kxv -kxv
xy yy -x y -y y kyv -kyv
-XX -xy XX xy -kxv kxv
(EA)c -xy -y y xy yy -kyv kyv
L3
c2 kxv kyv -kxv -kyv k2 vv
, 2  
-k  vv
-kxv -*kyv kxv kyv -k 2vv
, 2
k vv
4-31
Putting
(EA)
K, =
b L3 
c2
XX xy -XX -x y XV -XV
xy y / -x y -yy yv -y v
-XX -x y XX xy -XV XV
-x y -yy xy yy -y v yv
XV yv -XV -y v vv -v v
-XV -y v XV yv -v v vv
or
Kb =
b uu b uz
b zu b zz
relation 4 -3 1  can then be w ritten  in the form
k(K, ) b uzb uu
t*
b zu b zz
We note that the m atrix K, and its submatrices (K, ) , (K. ) , (K, )
_  b b uu b uz b zu
are independent o f t and 9 , w hile  k is dependent on 9 ,  and t *  is 
dependent on both t and 9 .
Using relations 3 -2 -a  and 4 -3 3 ,  and noting that t *  and k are the 
for a ll members, we obtain
-3 2 -a
-3 2 -b
33
and
same
(K Jb uz(K, ) b uu m=l
(K.)b zzk 2  (K .)  '  b :
m= 1 m=l
4 -3 4
W e put
M b 
Kb 
m -l
4 - 3 5 -a
and in partitioned form
k b =
where
( K J
D U U
M,
4 -3 5 -b
4 -3 5 -c
= V  =
^ V u z - ^ ;  ^ V uz
m -l
4 -3 5 -d
M b
(=Kb)2U= 2  (K b)zu
m -l
4 -3 5 -e
M .
From relations 4 -3 4  and 4 -3 5  we obtain
KB =  t *
^ u u k <=KB}UZ
k < V z u k2 (K B)ZZ
From relations 3 -6 ,  3 -1 0  and 4 -3 6  we obtain
(K r ) +C uu * * k (=KB}u z
t * (K n)B uu
t *k  (K .)B zu ‘ ^ V z z
4 - 3 6
D
u
W
u
D W
z z
4 -3 7
Provided that W  = 0 (that is the grid is loaded normal to its plane only) 
u
relation  4 - 3 7  can a fte r some m anipulation be w ritten  in the form
— •
(K r ) +C uu ^ V u z
t *  (K JB uu
t * ' ( K J  B zu ^ V z z
F in a lly  putting
k D
u
0
k2 D w
z z
D *
u
k D
u
D * k2  D
z z
. • __
4 -3 8
4 -3 9
and using relations 3 -1 0 -a  and 4 -3 5 -b ,  relation 4 -3 8  can then be w ritten  in the 
form
(K _  +  t *  K „) D *  =  W  4 -4 0
C  D
where K^. and K D are independent o f t *  ( i . e .  of t and 9 ) .
L. D
Relation 4 -4 0  is sim ilar to relation 3 -1 6  w ith  the variab le  parameter 
being t *  instead o f t ,  and the m atrix being independent o f t *  instead of the 
m atrix being independent o f t  (the matrix K -^. is independent of t and t *  in 
both relations); the displacement vector D is> replaced by D * ,  but its value can 
be read ily  determined from relation 4 -3 9 .  It is read ily  seen that the exact 
rational expression and interpolation function derived in this chapter expressing 
a displacement component d as a function of t , can be used in a sim ilar manner 
to express a displacement component d * (a component o f the vector D *) as a 
function o f t * .  It follows that the e ffec t of the two variab le  parameters t 
and 9 can be studied in terms of the single parameter t * .  The two dimensional 
problem which consisted in the study of a "surface" is then basically  reduced to 
a one dimensional problem which can be studied as a curve, reducing the number 
of d ifferen t possibilities tremendously.
The results given in Section 2 -3  (part 3) in terms of the variab le  t can 
be used to assess the behaviour in terms of the variab le  t * .  W e note that the 
graphs given in Figs. 2 -31  to 2 -4 2  are plotted for the condition 9 =  6 0 ° , in 
which case we have (from relations 4 -2 8 )  A = 1 and t =  t *  ; hence the t axis 
can be interpreted to be the t *  axis as w e ll .  The variations o f d * in terms o f t *  
would fo llow  curves sim ilar to the variations o f d in terms of t .  In F ig . 4 - 1 ,  
the value o f t *  is given in terms of t and 9 . The curves represent a constant 
value o f t *  when both t and 9 are vary in g . W hen t and 9 vary simultaneously 
such that t *  remains constant, it follows that D * also remains constant. From 
this figure it is read ily  seen that for t = 1 . 0 , t *  remains in the range 0 . 1  to 1 0 . 0  
when 9 varies between 15° and 75 °; these extreme values are not usually met 
and cover w id e ly  the practica l range. Practical values are more lik e ly  to be 
between 3 0 ° and 60 ° for 9 and about 0 .5  for t ,  in which case t *  remains in the 
range 0 .5  to 3 .0 .  It is read ily  seen from the results o f Chapter Two that the
variations in this range are not large, even in the case o f the vertica l displacements.
2
It follows that the displacement component d * (d^* -  k d^ , d^* -  k d^ ) could  
be considered to remain nearly constant for varia tion  in 9 in the p ractica l range.
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F ig .  4-1.
By expressing the forces in the chord members in terms of the horizontal
displacements, and by putting F * .=  k F , it  can be read ily  seen that F *  can
0 0  . 0
be studied in terms of t *  (as in the case of the displacements) instead o f F^ in
terms of t ; the value of F is easily  found from F * .  Considering again the
c c
practical range of t and 9 ,  the variations in F^* are found to be small justifying
the assumption commonly made that the force in the chord members is inversely
proportional to the height of the g rid . This is an exact re lation in the case of
the s ta tica lly  determinate warren truss for instance, but is approximate and cannot
be taken for granted in the case o f double layer grids. In the case o f bracing
members, the expression o f the force in terms of t *  is more complex as it depends
2
on horizontal and vertica l displacements and that d *  =  k d but d *  =  k d .
u u z  z
However, in the case of the grid studied in this thesis, the forces in the bracing 
members can be found from equilibrium  at the joints o f the top layer as discussed 
previously. As the force in the chord members remain (nearly) inversely  
proportional to the height o f the grid , it can be easily  shown that the ve rtica l force 
component in the bracing member remains (nearly) constant when 0  varies; this 
is again sim ilar to the case of the warren truss, where such a relation is e x a c t.
F in a lly  it can be concluded that the behaviour o f the grid for varia tion  
in the cross-sectional area and inclination  of the bracing members, can be studied 
in terms of a single v a ria b le . The relations (exact and approximate) developed  
expressing the displacements and forces as a function o f t can be s im ilarly  used to 
express the displacements and forces in terms of t * ,  combining the e ffec t o f t and 0 . 
It is to be noted that the form ulation given in this section in terms of t *  is general 
to any double-layer grid and condition provided that:
-  the bracing members have the same length and inclination
-  the bracing members have the same ax ia l r ig id ity  (or keep the 
same ratio to each other when they vary)
-  the grid is loaded normal to its plane o n ly .
These conditions, however, are usually met in d o u b le -laye r grid structures and 
do not form hindering lim itations.
CHAPTER FIVE
EXPERIMENTAL W ORK
Section 5 - 1 .  Introduction.
The purpose o f the experim ental work was to provide an independent 
check on the theoretical work o f the previous chapters. That is, to compare 
the experim ental results obtained from an actual physical model w ith  the 
theoretical results obtained from an idea lized  mathem atical model.
Some of the assumptions made in the theoretical analysis are:
-  the structure is e lastic  and behaves lin early
-  the members are p in-connected at joints
-  the supports com pletely constrain the joints in the vertica l 
direction only
-  the joints are o f in fin ite ly  small volume
-  the m aterial is uniform, the geometry is exact and the structure 
is symmetric about four planes.
It was decided to test one model under six d ifferent support and loading  
conditions, and to measure the vertica l deflection  o f joints and the ax ia l strain  
of members by means of d ia l gauges and e le c tric a l resistance strain gauges 
respective ly . The whole experim ental set-up was designed and constructed to 
approach the theoretical assumptions as much as is p racticab ly  possible. The 
layout o f the model, and the support and loading conditions were also kept very  
sim ilar to the cases considered in the theoretical w ork. Symmetry about four 
planes was conserved in a ll the tests. The model under testing is shown in F ig .
5 -1 ,  and the support and loading conditions are shown in F ig . 5 - 2 .
Figure 5-1® The Model under Testing*
Case A Case B
/ X/ \/i\/ : \A
/ l \ / iNxS/K/
/  \  a\ /u!\ / i\ / A
\ a\ /
s \ ' /
\a a a /V /
Case E Case F
• vertical support 
■ vertical point load
Figure 5-2. The Support and Loading Conditions for the Tests
Section 5 -2 .  The Experimental Arrangements.
The M o d e l.
The model was designed as a 9 feet by 9 feet twor-way d o u b le -laye r  
grid , having the same configuration as considered in the theoretical work but 
w ith  9 pyramidal units on each s ide. The members v/ere 3 /1 6  inch in d iam eter,
20  s .w .g . ,  brass tubes. The connection between d ifferen t members was obtained  
by means of 3 /4  inch d iam eter phosphor bronze balls and 4  BeA . brass screws.
Brass was chosen as it is easy to machine and has a low modulus o f e la s tic ity  
that results in re la tiv e ly  larger deflections and stra in . D etails o f the model 
are shown in F ig . 5 -3  and a typ ica l joint connection is shown in F ig . 5 - 8 .
To simulate the jo int w ith  in fin ite ly  small volume and the p in -connected  
condition o f the theore tica l assumptions, the balls were kept as small as possible, 
the connections radial and the tubes w ith  re la tiv e ly  small bending and torsional 
rig id ities .
Care was taken to have sim ilar elements and to achieve un iform ity and 
symmetry in constructing the m odel. A  steel jig  was made to hold the balls in 
position in order-to construct a square unit consisting o f 4  pyramidal un its . This 
large unit was then shifted by one module, leaving two pyramidal units on the jig  
and allow ing  another two pyram idal units to be connected on the j ig .  The process 
was then repeated for the whole m odel.
The Testing Fram e.
The testing frame was bu ilt m ainly from 6 " x 3" m ild steel channels, as 
shown in F ig . 5 - 4 .  The channels forming a square were to support the g rid , w h ile  
those forming the diagonals o f the square were to support the d ia l-g au g es .
The frame was constructed on the flo o r, and the model supported on i t .  
The system was then lifte d  a ltogether by means of 4  pu lley-b locks and the testing  
frame fixed  to a frame of box girders a lready in the laboratory. The grid was 6  
feet above ground level leaving ample access to carry out the tests.
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Figure 5-5® A Typical Joint-Support
The Supports and Loading.
The positions o f the supports and loads in the d ifferent tests are shown 
in F ig . 5 - 2 .  The loads are to be vertica l point loads applied at the joints, 
and the supports are to be unyield ing and constraining the joints in the vertica l 
direction o n ly . The d ifferent loading cases o f the tests, w ith  ve rtica l point 
loads at the joints, were read ily  obtained by suspending dead weights free ly  at 
the b a lls . To provide the d ifferent support positions o f the tests, 5 "  x 3"  x  1 /2 "  
smooth steel plates were bolted to the testing frame under the balls to be supported. 
Thin steel shims were inserted between the plate and the frame for adjustment, 
and many tria ls  were carried out until the balls were properly resting on the 
supports. Prelim inary analyses had shown that only in some o f the tests did  
the corner joints have a tendency to move upwards. Some in itia l dead loads o f 
about 30 lb . applied to the supported joints were enough to provide the ve rtica l 
constraint, w ithout unduly increasing the fric tion  between the ball and the 
support. A  thin steel shim was le ft between the ball and the p late to check that 
the ball was properly pressing on the support a ll through the tests. A  typ ica l 
joint-support is shown in F ig . 5 - 5 ,
Measurement o f Strain .
E lectrica l resistance strain gauges were used to measure the a x ia l strain  
in the members. Eight members were chosen for this purpose and are numbered 1 to 
8  (see F ig . 5 - 6 ) .  To ensure a higher accuracy o f measurement, fu ll advantage was 
taken of symmetry by measuring the strain in a ll the corresponding symmetrical 
members, resulting in a total o f 48  measuring points. The positions o f the strain 
gauges are shown in F ig . 5 - 6 .
The strains were measured at the m id-points o f the members. A t every  
measuring po in t, two strain gauges were placed d iam etrica lly  opposite and connected  
in series. This technique gives the ax ia l strain d irec tly ; it  read ily  e lim inates  
bending strain and saves on w irin g , reading the instruments and processing o f the 
results (see for instance Ref. 2 2 ) ,
The strain gauges used were Tinsley type 16A , paper back D urofix  bonded,
w ith  a nominal resistance o f 134 ohms and a gauge factor o f 2 .0 2 .  The s tra in -  
measuring instruments were Peekel extension boxes, type 2 3 U , and e lectron ic  
strain indicators, type T 200 , graduated in 10 microstrains. The strain gauges 
were connected to the measuring instruments by means of m u lti-w ire  shielded  
cables.
Care was taken to keep the wires as short as possible, and o f the same 
length as those o f the dummy gauges, in order to reduce "sluggishness" due to  
capacitance unbalance.
O ne dummy gauge was used w ith  every extension box for temperature 
compensation. These dummy gauges were attached to the same type o f brass 
tubes as used in the model, and the tubes were le ft unstrained near the centre  
of the m odel. The actual resistance o f the gauges varied from 1 3 4 .0  to 1 3 4 .9  
ohms; the two gauges a t a measuring point were chosen to have e x a c tly  the 
same resistance, and the dummy ones to have a resistance o f  1 3 4 .5  ohms.
The gauges were le ft to dry for at least a week and then tested by 
carrying out the three fo llow ing  checks (see for instance Ref. 22): —
-  the gauge is not damaged: its resistance is the same as 
given by the manufacturer
-  the gauge is properly fixed : on applying a small pressure 
to the gauge, the strain recorder (w ith  the bridge balanced) 
deviates s lightly  and then returns to zero again
-  the gauge is w e ll insulated: its insulation resistance is 
more than 10 megohms and preferably more than 50  megohms.
Measurement o f D e flec tio n .
D ia l gauges, w ith  1 /1 0 0 0  inch graduations, were used to measure the 
vertica l deflection  at the joints. Four joints were chosen for such measurements 
and are numbered 1 to 4 .  Advantage was taken of symmetry to improve the 
accuracy by measuring the deflections at the corresponding symmetrical joints, 
resulting in a total of 13 measuring points. The positions of the d ia l gauges 
and the numbering o f the joints are shown in F ig . 5 - 7 .
.B. curved lines indicate members of the bottom layer.)
o
Figure 5-6. The Positions of the Strain gauges
Figure 5-7. The Positions of the Dial Gauges.
5igui*e 5-8• A Typical Joint Connection and a Dial Gauge.
The frame supporting the d ia l gauges was part of the testing frame 
shown in F ig . 5 -4 ,  and was fixed  to the frame supporting the model in order 
to e lim inate any d iffe ren tia l displacements between the d ia l gauges and the 
g rid . The d ia l gauges were fixed  to the supporting frame by means o f magnetic 
bases, and a sma u p  iece o f perspex was fixed  to the ball in order to provide a 
smooth horizontal surface for the plunger. A  typ ical d ia l gauge arrangement 
is shown in F ig . 5 - 8 .
Section 5 - 3 .  Properties o f the M odel Components.
It was necessary to know the elastic  properties o f the model members 
in order to:
a ) compare the theoretical and experim ental results
b) correlate the strain gauge reading w ith  the force in the member
c) assess the magnitude o f loading to be applied in testing the m odel.
The ax ia l r ig id ity  o f the brass tubes could th eo re tica lly  be obtained  
from the nominal cross-sectional area and the modulus o f e las tic ity  given by 
the manufacturers. However, it was decided to find this value experim enta lly  
by testing a number o f specimens from.the tubes used in the construction o f the 
model, to obtain a more accurate and representative result.
Seven specimens were tested in pure tension. The specimens had the 
same length and ball connection at each end as in the m odel. The balls were 
connected to specia lly  designed end-fittings w ith  free rotation in 3 directions  
to obtain pure tension, and the specimens were loaded by hanging dead w eights. 
The same type o f strain gauges and measuring instruments used in testing the m odel, 
were used in an identica l manner to measure the ax ia l strain in the specimens.
The results were processed, and the average for the seven specimens taken . 
Assuming a linear stra in -load  re la tio n , a "least-square11 straight line was fitte d  
to these averages, and its slope was found to be 4 .1 4 2  "microstrains reading" per 
pound lo a d .*  The results o f these calibration  tests are shown in Table 5 -1  and 
F ig . 5 - 9 .
*  "Microstrains reading" refers to the instrument reading, and has to be m odified by 
the gauge factor in order to obtain the actual strain .
Table 5~1» The Calibration Tests Results 
Microstrain reading in brass tubes specimens
Specimen
lb load
5 10 15 20 25 50
1 18 58 57 77 97 117
2 16 58 61 84 106 127
3 55 55 71 96 118 143
4 10 24 40 60 80 102
5 31 42 55 89 111 155
6 24 47 67 87 107 130
7 20 40 62 82 108 130
Average 21.7 40.6 58.7 82.1 103.9 126.3
Least square fit: 4.142 microstrain reading /lb. load
1 4 0
I 120
100
8 0
6 0
slope= 4.142
3 0
Figure 5-9* The Calibration Graph
The above result w ill  be used in two ways:
i) knowing the gauge factor, the ax ia l rig id ity  o f the tubes is 
read ily  found:
ax ia l rig id ity  =  ^-------------------------------—  -  2 4 3 ,8 0 0  lb .
sfra'" 2 _ x4J42x10-6
This value w ill be used in the theoretical analysis o f the model, 
and w ill a ffec t the deflections only
i i )  knowing the d irect relation between the strain reading and the 
load on the specimen, the experim ental forces can be read ily  
expressed in terms of the instrument strain reading, e lim inating  
errors that otherwise would occur in determining the gauge fac to r, 
cross sensitiv ity , cross-sectional a rea , modulus o f e las tic ity  and 
others.
Another set o f tests on tube specimens was carried out to determine  
th e ir e lastic linear range. The specimens were tested both in tension and in 
compression using the e lectron ic  Instron m achine, which au tom atically  plots 
load against e longation . A  number o f specimens o f d ifferent lengths was tested, 
and every specimen was subjected to many cycles o f loading and un loading .
The results were averaged and are summarized below:
-  in tension, the tubes are e lastic  and linear up to a load o f 4 5 0  lb .
-  in compression, the buckling loads were 110 lb . and 55 lb . ,  for 
the 8 .4 8 "  and 12" long pin-ended members respective ly . These 
results w ill  be used to assess the loading to be applied to the grid  
in the tests.
Section 5 - 4 .  The Experimental Results.
Six d ifferen t tests, labelled  A , B, . . . ,  F , were carried out on the model 
for the d ifferen t supports and loading conditions shown in F ig . 5 -2 .
Prelim inary analyses were carried out to assess the maximum load to be 
applied to the model, such that a ll the members remain in the e lastic  lin ea r range.
Table 5-2. The Experimental Results: Test A
(a) Member strain (microstrain reading)
Pound per loaded joint
Member
6.6 13.2 19.8 1.00
1 -64 -124 -185 -9.34
2 148 504 450 22.73
3 -53 -99 -149 -7.53
A 58 105 187 8.89
5 -70 -139 -208 -10.48
6 -23 -53 -90 -4.51
7 -48 -112 -166 -8 .5 0
8 16 31 42 2.22
(b) Joint deflection (■ inch)
Pound per loaded joint
Joint
6.6 13.2 19.8 1.00
1 45 94 144 7.18
2 40 82 127 6 .5 0
3 25 50 78 3.87
4 8 16 25 1.22
Table 5-3. The Experimental Results: Test B
(a) Member strain (microstrain reading)
Pound per loaded Joint
Member
66 132 198 1.00
1 -117 -228 -314 -1.637
. 2 160 324 497 2.481
3 -19 -42 -62 -0.311
4 13 29 48 0.233
5 -21 -43 -60 -0.311
6 ; -13 -25 -41 -0.200
7 -27 -31 -67 -0.337
8 4 14 28 0.126
(b) Joint deflection (~y^QQ- inch)
Pound per loaded Joint
Joint
66 132 198 1.00
1 33 67 106 0 .323
2 23 47 72 0.361
3 12 24 36 ' 0.181
4 3 6 9 0.047
-I
Table 5-4-* The Experimental Results: Test C
(a) Member strain (microstrain reading)
Member
Pound per loaded joint
2.2 4.4 6.6 1.00
1 -64 -129 -188 -28.71
2 4-3 81 < 124 18.64
5 -33 -106 -157 -23.81
4 15 28 40 6.17
5 * * * *
6 112 265 416 61.28
7 -50 -113 -166 -25.04
8 -50 -96 -143 -21.77
(b) Joint
* ..
deflection (~'Yq~q o'~ i-310*1)
Pound per loaded joint
Joint
2.2 4.4 6.6 1.00
1 54- 115 179 26.6
2 51 109 169 25.1
3 41 89 138 20.4
4 25 55 85 12.6
Table 5- 5 *  --The Experimental Results: Test D
(a) Member strain (microstrain reading)
Member
Pound per loaded joint
33 66 99 1 . 0 0
1 -80 -156 -222 -2.282
2 81 164. 245 2.454
3 -29 -54 -82 -0.850
4 • * * *
5 * * ♦ ♦
6 38 88 148 1.420
7 -25 -54 -87 -0.853
8 -15 -32 -34 -0 .522
1(b) Joint deflection (■■ "Jqqq 1 inch.)
Joint
Pound per loaded joint
33 66 99 1.00
1 33 70 110 1.087
2 28 39 92 0.909
3 20 42 67 0.659
4 11 24 38 0.569
Table 5-6. The Experimental Results: Test E
(a) Member strain (microstrain reading)
Member
Pound per loaded joint
4.4 8.8 13.2 1*00
1 -50 -99 -141 -10.89
2 122 248 382 28.58
5 -39 -78 -116 -8.80
4 59 126 199 14.74
5 -79 -160 -239 -18.10
6 -38 -73 -99 -7.80
7 -29 -72 -100 -7.6 7
8 -18 -38 -48 -3.84
(b) Joint deflection (■ -^ qq- inch)
Joint
Pound per loaded joint
4.4 8.8 13.2 1.00
1 35 73 111 8.35
2 31 64 97 7.30
3 21 44. 67 5.03
4 10 20 31 2 .3 0
Table 5 - 7 *  The Experimental Results: Test F
(a) Member strain (microstrain reading)
Pound per loaded joint
Member
44 88 152 1 .0 0
1 -84 -167 -2 58 -1.855
2 113 225 545 2.586
3 -17 - 3 4 -44 -0 .5 5 2
4 16 32 54 0.590
3 -29 -56 -7 9 -0.612
6 -13 -31 -45 -0.54-5
7 -2 2 -58 -51 -0.406
8 * * * *.
(b) Joint deflection (■ '^qqq"- inch)
Pound per loaded joint
Joint
44 88 152 1 .0 0
1 23 , 4-7 72 0.541
2 17 54 31 0.585
3 10 19 29 0.218
4 4 7 11 0.082
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Figure 5-H* Experimental Results: Case B.
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Figure 5-12. Experimental Results: Case C.
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Figure 5-1$. Experimental Results: Case D.
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Figure 5-14-. Experimental Results: Case E.
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Figure 5-15- Experimental Results: Case F.
An " in itia l load" o f about 20%  the maximum loading, was always le ft on the 
model to take care o f small gaps at the supports and slackness in the m odel.
Before every test, the model was subjected to many cycles o f loading and 
unloading to condition the m odel.
Every test consisted o f three equal increments o f loading and unloading, 
and recording of a ll strain gauges and dial gauges readings. A ll  loadings and 
readings were considered w ith  respect to the " in itia l load" state as o rig in .
The results o f the tests were processed to find the net values o f strain 
and deflection  a t a ll measuring points, and the average for symmetrica! points 
was then taken . A  "least square" straight line passing through the orig in  
was fitted  to these averages, to obtain the strain and deflection  for a unit load 
per loaded jo in t.
The experim ental results are shown in Tables 5 -2  to 5 -7  and Figs. 5 -1 0  
to 5 -1 5 .  Positive strain indicates an elongation o f the member and positive  
deflection  a downward movement of the jo in t. The results for some members 
were omitted in order not to obscure the figures. In the tables, where the strain 
in the member is very small as compared w ith  the most h ighly strained member, 
the result is om itted and an asterisk is shown instead.
Section 5 - 5 .  Comparison between the Theoretical and Experimental Results.
Theoretical analysis of the model for the six d ifferen t tests, was carried  
out using the computer programme described in the appendix. The structure was 
assumed to be p in-connected  and the ax ia l rig id ity  o f the members was considered  
to be that given in Section 5 - 3 .  The experim ental joints deflections were  
d irec tly  obtained from the d ia l gauges readings and the experim ental a x ia l forces 
were found from the strain measurements and the results o f the ca lib ration  tests 
given in Section 5 - 3 .
The comparison between the theoretical and experim ental results is 
shown in Tables 5 -8  to 5 -1 3 .  The first column gives the members and joints 
number as given in Figs. 5 - 6  and 5 - 7 .  The second column gives the percentage  
ratio  (in modulus) of the theoretical force and deflection  w ith  respect to the
Table 5-8. Comparison betv/een the Theoretical
and Experimental Results: Test A.
(a) Member Force
Member
Percentage
of
Theore­
tical
Experi­
mental
Percentage
difference
maximum (pound)
1 45' -3.01 —2.26 -24.9
2 100 6.76 3.49 -18.8
3 36 -2.41 -1.82- -24.5
4 41 2.77 ■'2.15 -22.4
5 48 -3.25 -2.53 -22.2
6 29 -1.93 -1.04 -46.1
7 31 -2.12 -2.00 -5.7
8 6 0.42 0.54 28.6
(b) Joint Deflection
Joint
Percentage
of
Theore­
tical
Experi­
mental
Percentage
difference
maximum / I inch)^1000
1 100 7.50 7.18 -4.3
2 87 6.31 6 .3 0 -3.2
3 33 3.96 3.87 -2.3
4 16 1.19 1.22 2.5
Table 5-9* Comparison between the Theoretical
and Experimental Results: Test B.
(a) Member Force
Member
Percentage
of
Theore­
tical
Experi­
mental
Percentage
difference
maximum (pound)
1 91 -0 .6 1 3 -0.393 -33.6
2 100 0 .6 7 0 0.399 -1 0 .6
3 16 -0.106 -0.073 -29.2
4- 9 0.062 0 .0 3 6 -9.7
3 16 -0.108 -0.073 -3 0 .6
6 16 -0.107 -0.048 -33.1
7 14 -0 .0 9 2 -0.086 -6.3
8 4 0 .0 3 0 0 .0 3 0 0 .0
(b) Joint Deflection
Joint
Percentage
of
Theore­
tical
Experi­
mental
Percentage
difference
maximum ( 1 inch)UOOO
1 100 0.329 0.523 -1 .1
2 71 0.376 0 .361 -4.0
3 36 . 0 .1 9 2 0.181 -3.7
4 9 0 .0 3 0 0.047 -6.0
Table 5-10. Comparison between the Theoretical
and Experimental Results: Test C.
(a) Member Force
Member
Percentage
of
Theore­
tical
Experi­
mental
Percentage
difference
maximum (pound)
1 56 -10.20 -6.93 -3 2 .1
2 26 4.67 4.50 -3.6
3 41 -7.48 -5.75 -23.1
4 8 1.41 1.49 5.7
5 1 -0.09 * *
6 100 18.26 14.80 -18.9
7 37 -6.82 -6.05 -11 o 3
8 35 -6.36 -5.26 -17.3
(b) Joint Deflection
Joint
Percentage
of
Theore­
tical
Experi­
mental
Percentage
difference
maximum ( 1 inch)v1000
1 100 27.9 26.6 -4.7
2 94. 26.4 25.1 -4.9
3 78 21,8 20.4 -6.4
4 49 1 3 .6 12.6 -7.4
Table 5-H- Comparison between the Theoretical
and Experimental Results: Test D.
(a) Member Force
Member .
Percentage
of
Theore­
tical
Experi­
mental
Percentage
difference
maximum (pound)
1 100 -0.834 -0.551 -33.9
2 74 0.613 0.592 -3.4
3 31, -0.262 -0.200 - -23.7
4 3 0.026 * *
5 3 -0.023 * *
6 60 0 .5 0 1 0.343 -31.5
7 28 -0.231 -0.206 -10.8
8 21 -0.177 -0.126 -28.8
(b) Joint Deflection
Joint
Percentage
of
Theore^-
tical
Experi­
mental
Percentage
difference
maximum ( 1 inch)^1000
1 100 1 .1 5 1 1.087 -5.6
2 85 0.980 0.909 -7.2
3 64 0 .7 3 5 0.659 -10.3
4 37 0.429 0.369 -14.0
Table 5-12. Comparison between the Theoretical
and Experimental Results: Test E.
(a) Member Force
Member
Percentage
of
Theore­
tical
Experi­
mental
Percentage
difference
maximum (pound)
1 44 -3.68 -2.65 -28.5
2 100 8.57 6.90 -17.6
3 ' 35 -2.93 -2.12 -27.6
4 50 4.22 3.56 -15.6
5 67 -5.60 -4.37 -22.0
6 52 -2.66 -1.88 -29.3
7 14 -1.18 -1.85 56.8
8 11 -0.90 -0.93 3.3
(b) Joint Deflection
Joint
Percentage
of
Theore­
tical
Experi­
mental
Percentage
difference
maximum inch)^1000
1 100 8.62 8.55 -3.1
2 86 7.44 7.30 -1.9
3 57 . 4.94 5.05 1.8
4 25 2.12 2.50 8.5
Table 5-13. Comparison between the Theoretical
and Experimental Results: Test F.
(a) Member Force
Member
Percentage
of
Theore­
tical
Experi­
mental
Percentage
difference
maximum (pound)
1 88 -0.637 -0.442 -30.6
2 100 0.725 0.624 -13.9
3 17 -0.124 -0.085 -31.5
4 15 0.111 0.094 -15.3
5 26 -0 .1 9 0 -0.148 -22.1
6 18 -0 .1 3 2 -0.083 -37.1
7 8 -0.060 -0.098 63.3
8 2 -0.012 * *
(b) Joint Deflection
Member
Percentage
of
Theore­
tical
Experi­
mental
Percentage
difference
maximum f'l.. inch)UOOO
1 100 0.568 0.541 -4.8
2 72 0.408 0.385 -5.6
3 40 0.226 0.218 -3.5
4 14 0.081 0.082 1.2
maximum one (in modulus) in the grid; *  these ratios are given to assess the 
importance of the measuring po in t, and when small the results are not 
meaningful and an asterisk is shown instead. The third and fourth columns 
give the theoretical and experim ental value respectively, for one pound per 
loaded jo int; a positive force indicates tension and a positive deflection  a 
downward movement. The last column gives the percentage d iffe re n c e **  
between the theoretical and experim ental values w ith  respect to the theoretical 
one; a positive percentage difference indicates that the experim ental value  
is larger than the theoretical one in modulus.
From the results o f Tables 5 -8  to 5 -1 3 , the average o f the percentage  
differences (in modulus) between the theoretical and experim ental results for a ll 
the tests and a ll the measuring points, is found to be 24%  for the forces and 5%  
for the deflections. Considering the discrepancies between the theoretica l and 
experim ental conditions, and the unavoidable experim ental errors, the above  
results are considered to be accep tab le , and the agreement between the theoretica l 
and experim ental analysis is reasonable. It would be interesting to exam ine more 
closely the experim ental and theoretical results, in order to assess the v a lid ity  
of the d ifferen t assumptions made, and to find some of the reasons causing these 
discrepancies.
A  comparison o f each experim ental value w ith  the corresponding theoretica l 
one in Tables 4 -8  to 4 -1 3  shows that there is a reasonable agreement between the 
theoretical and experim ental values, for a ll the points considered and d ll the tests. 
This is even so for values which are re la tiv e ly  small w ith  respect to the maximum.
In the case where the values were very small and were om itted , the theoretica l 
and experim ental values were nearly the same in absolute v a lu e , and could be 
s till considered to give a fa ir  representation o f the structure behaviour. The graphs 
in Figs. 4 -1 0  to 4 -1 5  read ily  show that the model was behaving lin e a rly , ju s tify ­
ing the assumption o f linear analysis in the theoretical approach. Further, the 
measurements w h ile  unloading the model, p ra c tic a lly  coincided w ith  the corres­
ponding measurements w h ile  loading it,- justifying thus the e lastic  behaviour 
assumption.
r . I theoretical I iq q
percentage o f maximum -  "f fte o re tic a l L nv
m a x
■ ,.rr I experimental I -  I theoretical I inn
percentage d.fference =  1 theoretical I------------------- ' X 100
The experim ental errors mentioned above are generally  of "erra tic" 7 
nature, and it is worth mentioning few  sources of such errors especia lly  re levant 
to this experim ental w ork. N am e ly , the small diam eter o f the brass tube 
presented a number o f drawbacks, and these are given here:
-  the de lica te  task o f fix in g  strain gauges was rather d iffic u lt;  
especia lly , the two gauges at a measuring point were not precisely  
diam etrica lly  opposite, and hence bending strains were probably  
not com pletely elim inated
-  the tube had a small moment o f area which could y ie ld  large 
bending strains for small bending moments
-  the tube had a small cross-sectional area , and hence re la tiv e ly  
larger variations would be expected in d ifferent tubes
-  the tube had a re la tiv e ly  small buckling load which was in variab ly  
the criterion in loading the model, lim iting  the loading to small 
increments and thus causing re la tiv e ly  larger error on the measure­
ment readings.
It is to be noted however, that the errors o f e rratic  nature described in 
the previous paragraph could not fu lly  account for the discrepancies between the 
theoretical and experim ental results, for the percentage difference between the 
theoretical and experim ental results would have been o f positive sign nearly as 
often as o f negative sign; that is the experim ental values would have been  
sometimes larger and sometimes smaller (in modulus) than the theoretical ones. 
However, a close look at Tables 4 -8  to 4 -1 3  shows that almost a ll the e x p e ri­
mental values, both for forces and deflections, were sm aller than the corresponding 
theoretical ones in modulus. Consequently, it appears that the discrepancies 
were by large dominated by a source of error which is o f a "consistent" nature.
This deserves special consideration and some possible reasons which could be at 
the orig in  o f these discrepancies, are discussed below .
The C a lib ration  Tests Specimens.
The theoretical and experim ental results depend on the e lastic  properties 
o f the brass tubes as obtained from the ca lib ration  tests. A lthough the properties 
used were obtained by taking the average of the results o f many specimens and
tests, it could so happen that the specimens tested were not a representative 
sample o f the tubes used in the model, thus g iving misleading results.
Another possibility is that the strain gauges o f the specimens were more 
e ffic ie n tly  fixed  than the strain gauges of the m odel. This is lik e ly  firs tly  
because the specimen tubes were easier to handle than the tubes constituting  
the model which were not as easily  accessible, and secondly because the strain  
gauges fixed  to the specimens were left to dry for a longer period than those
fixed  to the m odel. This could w e ll result in the experim ental values being
an under-estim ate w ith  respect to the theoretical one.
:t of Bending and Torsional R igidity o f the Mem bers.
O ne o f the main assumptions made in the theoretical analysis is that
the members have ax ia l r ig id ity  only and are p in-connected at the joints. In 
actual fa c t, the members have also some bending and torsional rig id ities and 
the connections are not id e a lly  pinned, although they could not provide fu ll 
r ig id ity .
j It was then thought appropriate to carry out another set o f theoretical
| analyses, taking into account the bending and torsional rig id ities o f the brass 
| tubes, and assuming fu ll r ig id ity  at the joints. The two types of theoretica l 
i analyses would then provide an upper lim it and a lower lim it to the experim ental 
\. results. A  comparison between the two sets o f theoretical results showed that 
j the analyses w ith  the rig id  joint condition, yields sm aller forces and deflections  
| (in  modulus) as expected , w ith  the values being nearer to the experim ental 
i results. However, for a ll the test cases, the percentage difference (on the forces 
j as w e ll as deflections) between the two sets o f theoretical analyses was w ith in  
j  one per cen t. This accounts only partly  for the discrepancies between the
theoretical and experim ental results, but justifies the theoretical analysis assuming 
the joints to be p in -connected .
' /
The Effect of Friction  at the Supports.
The theoretical analysis assumed the supports to constrain the joints in 
the vertica l d irection  o n ly . However, some fric tion  was inevitab le  in the
experim ental conditions, restraining the joints from moving free ly  in the horizontal 
p lane , and thus developing additional reactions not accounted for in the theoretical 
analysis. This could be a plausible reason for the experim ental values o f forces 
and deflections being smaller than the corresponding theoretical ones.
To assess the e ffec t o f the horizontal constraints, another set of theoretical 
analyses was carried out, w ith  the e ffect o f fric tion  taken into account; this 
was obtained as fo llow s. The analysis w ith  the supports assumed to move free ly  
in the horizontal p lane, was used to find the ve rtica l reaction at the supports and 
the d irection o f movement o f the supported jo in t. The fric tion  force at a support 
was then found, using the value o f the reaction at the support, and a fric tio n  
coeffic ien t between brass and steel of 0 .1 7 .  This friction  force was then applied  
to the supported jo in t, in the presumed direction of movement but in the opposite 
sense. The assumption made here is that the maximum force constraining the jo int 
in the horizontal plane that may develop, could not exceed the value of the fric tion  
between the phosphor bronze ball and the steel p late  support.
The results showed that this does account for some o f the discrepancies 
between experim ental and theoretical values. The theoretical values (including the 
effec t o f fric tio n ) were nearer to the experim ental values in most cases, and most 
differences were reduced, especia lly  for the maximum valuesof forces and deflec tions . 
This was more apparent in the case of displacements, as the discrepancies 
previously were only about 5% ; some of the discrepancies even reversed sign, the 
experim ental values which were an underestimate w ith  respect to the previous 
theoretical analysis becoming an overestimate when friction  is considered.
Summary.
F in a lly , it can be concluded that the theoretical and experim ental analyses 
were in reasonable agreement w ith  each o ther. . The main assumptions made in 
the theoretical analysis were in fact satisfied, namely an e lastic  lin ear analysis 
w ith  the members being pin-connected at the joints. The errors due to these 
assumptions were found to account only partly  for the discrepancies between the 
theoretical and experim ental results, the main differences being due to the 
usual experim ental errors.
CHAPTER SIX
C O N C L U S IO N S  A N D  S U G G E S TIO N S  FOR FURTHER RESEARCH. 
Section 6 -1 .  In troduction.
This chapter contains the conclusions on the work presented in this 
thesis, and some suggestions to extend it in further research.
The work could be d ivided into two main parts:
I) The structural behaviour o f the grid under d ifferent conditions,
w ith  p articu lar reference to the e ffec t o f the bracing members 
and layout density. The results obtained from a large number 
of exact analyses are presented in Chapter Two and more 
insight into the behaviour of the grid is obtained from the 
derivations and theoretical investigation given in Chapters Three 
and Four. The conclusions corresponding to that part of the work 
are given in Section 6 -2 .
II)  The analysis o f do u b le -layer grids by approximate methods w ith  
large savings on computational efforts; two approaches are
considered. F irstly , a method suitable to be fu lly  programmed
for an e lectron ic  d ig ita l computer and to solve system atically  
d ifferen t cases of double-layer grids given th e ir basic d a ta , is 
developed and discussed in Chapter Three and the conclusions 
are summarized in Section 6 - 3 .  Secondly, a technique suitable  
for hand ca lcu lation  is developed in Chapter Four, to ca lcu la te  
the displacements and forces in the grid for d ifferen t properties 
of the bracing members by interpolation from known exact results; 
the conclusions on this technique are summarized in Section 6 - 4 ,
The theoretical analyses of the grid are carried out using an e lectron ic  
d ig ita l computer and a programme specia lly  w ritten  for the purpose (Appendices 
A  and B), a main feature o f the programme being a technique developed to 
overcome the d iff ic u lty  o f solving the large number o f simultaneous equations 
usually encountered in the analysis o f d o u b le -laye r grids. The theoretical 
analysis considered in this thesis is supported by the experim ental work carried  
out in Chapter F iv e , the conclusions on which are given in Chapter F ive its e lf.
Section 6 - 2 c Structural Behaviour of the G rid  under D ifferent Conditions.
1) D istribution o f Forces and Displacements.
The numerical results for the forces and displacements in the grid under 
d ifferen t conditions have been given in Section 2 - 3 .  From these results a 
number o f interesting conclusions can be drawn on the general pattern of 
distribution o f forces and displacements in the g rid . Some of these conclusions 
o f q u a lita tive  nature could have been an tic ipated  a p rio ri, but can be stated  
w ith  more confidence when based on actual analysis.
a) In a ll the cases analysed, the maximum* ve rtic a l deflec tion  is at 
th e  centre of the g rid . In a ll cases, the deflections increase 
monotonously from the corners to the centre and from the m id-edge  
to the cen tre . In cases C and D where the grid is supported at 
the corners o n ly , the deflections increase also monotonously from 
the com er to the m id -edge, where the deflection  is more than 
75%  of the maximum in a ll cases C and more than 50%  of the 
maximum in a ll cases D .
b) In genera l, the forces in the members o f the bottom layer are tension 
and the forces in the members o f the top layer are compression, and 
the most h ighly stressed members o f each layer fo llow  in variab ly  
this ru le . There are cases however where there is "reversal o f 
stresses" w ith  some of the members in the bottom layer being in 
compression and some of the members in the top layer in tension.
* ln  this chapter, the discussion is carried out in terms o f the absolute v a lu e , and 
the terms maximum, minimum, largest, e t c . ,  refer to the modulus.
The maximum force in the grid is invariab ly  in a member o f the 
bottom layer and is tension. This force occurs at the centre  
in a ll cases A ,  B and D , and at the m id-edge in a ll cases C ,  
where the force at the centre is less than 25%  of the maximum. 
The force at the m id-edge in cases D is also high, being more 
than 75%  o f the maximum.
In cases A  and B, the members o f the bottom layer at the 
edge are in compression, w ith  the largest compression force  
being at the m id-edge but not exceeding 35%  of the maximum 
at the centre; going from the m id-edge to the centre, this 
compression force decreases monotonously then becomes tension 
and increases monotonously to the maximum at the cen tre .
In a ll cases C , the forces in the members o f the bottom layer 
increase monotonously from 25%  o f the maximum at the centre , 
to the maximum at the m id -edge. In a ll cases D , going from the 
centre towards the m id -edge, the forces in the members o f the 
bottom layer drop from the maximum to less than 50%  of the 
maximum and then increase to more than 75%  o f the maximum.
In a ll cases, the largest force in the top layer is compression and 
is at the centre o f the grid (or near the centre , in which case 
the force at centre is only slightly sm alle r). This force is about 
50%  of the maximum in a ll cases A ,  B and C , but is more than  
80%  of the maximum in cases D . The members at the m id-edge  
have also a high compression force o f up to 40%  of the maximum 
in cases A , C and D .
Although the forces in the members o f  the top layer vary  
sm oothly, in the sense that if  the forces in the members along  
any one line o f members are represented by a curve give a 
reasonably smooth curve, this curve would show many increases 
and decreases and often reversal o f forces from compression to 
tension. In fact quite a number o f members are in tension 
and especially  near the edges.
The forces in the bracing members taken along a line p ara lle l 
to the edge o f the grid , almost in variab ly  alternate in tension 
and compression, varying smoothly in absolute v a lu e . In a ll 
cases A , the largest force in the bracing members is at the 
m id-edge o f the grid and decreases towards the corner and 
towards the cen tre . In a ll cases B, the largest force is a t the 
centre and decreases towards the m id-edge and more qu ick ly  
towards the corner. In a ll cases C , the largest force is a t the 
corner and decreases towards the centre and towards the m id-edge  
In a ll cases D , the largest force occurs at the centre and at the 
comers decreasing to a minimum in betw een.
It is d iffic u lt to express any percentage relation for the 
forces in the bracing members w ith  respect to the maximum force 
in the grid or w ith  respect to the largest force in the bracing  
m,embers, as such percentages vary w id e ly  w ith  the layout density  
decreasing when the layout density increases. This is easily  
understandable as the number of bracing members increases w ith  
the layout density w h ile  the to ta l load on the grid remains the 
same.
In a ll cases A , the maximum reaction is at the m id-edge and 
decreases monotonously towards the co m er. The reaction at the 
com er decreases and even reverses sign when the layout density  
increases: it is about 15% of the maximum in case A 6 , nearly  
zero in case A 10 and it becomes an u p lift of about 10%  
the maximum in cases A 14  and A 1 8 . In a ll cases B, the 
maximum reaction is near (or a t) the m id -edge, the reaction at 
the m id-edge being not less than 80%  of the maximum. This 
maximum reaction decreases towards the com er and reverses 
sign in a ll cases B, the u p lift at the corner being about 20%  
of the maximum in case B6 and about 40%  of the maximum in 
cases B14 and B18. Cases C and D being supported at the corners 
o n ly , need no comment.
From the conclusions on the distribution o f forces in the chord members, 
an an tic ipated  advantage of the grid is jus tified . N am e ly , the compression 
forces in the chord members are smaller than the tension forces (the highest 
compression force being about 50%  of the maximum tension force) and occur 
in the shorter members o f the top layer. O n ly  in cases D some compression 
forces exceeded 50%  of the maximum, these large forces being, however, 
concentrated in a re la tive ly  small a rea . The excep tiona lly  high forces in 
these cases can be easily explained by the fact that the grid is under a 
concentrated load at the centre and supported at the corners o n ly . A nother 
antic ipated  advantageous property o f the g rid , nam ely the fast spreading of 
concentrated loads and even distribution o f forces, is also read ily  seen from 
the results. This is even so in cases D w ith  the grid under a concentrated load 
and corner supports o n ly . *
2) The Effect of Cross-Sectional Area and Inclination  of the Bracing M em bers.
The e ffec t o f the cross-sectional area of the bracing members on the 
displacements and forces in the grid is studied in terms of the variab le  param eter 
t ,  defined as the ratio o f ax ia l r ig id ity  of the bracing members to the a x ia l 
rig id ity  of the chord members. From the numerical results presented in 
Chapter Two (where t was varied between 0 .1  and 1 0 .0 ) and the theoretica l 
investigation carried out in Chapter Four, a number o f conclusions can be draw n.
a ) The displacements and forces can be expressed as a rational 
function in t of order n, where n is the order of the stiffness 
m atrix of the g rid . As an approxim ation, the displacements 
and forces fo llow  closely a rational expression in t o f order one 
of the form a +  b .
r
b) The vertica l displacements decrease when t increases, in a ll 
the cases considered; the percentage change on the maximum 
displacement could be more than 350%  and a sharp varia tion  
occurs in the region t =  1 .0 .  This can be explained by the fac t  
that as t increases the deformations in the bracing members decrease, 
and for large values of t they become neg lig ib le  and the v e rtic a l
displacement approaches assymptotically a constant value which  
is dependent on the deformations in the chord members o n ly .
As t decreases, the deformations in the bracing members become 
appreciable and the vertica l displacements increase q u ic k ly .
Changes in a given case are sensibly o f the same order on 
displacements which are of the same order, and are usually  
larger on sm aller displacements.
The percentage changes in the grids w ith  the same layout 
density, are more pronounced in cases B but remain of the same 
order in the four cases A , B, C , and D; that is, the amount o f 
varia tion  does not depend much on the support and loading  
conditions.
The percentage changes become smaller when the layout density 
increases. The maximum percentage change on the maximum 
displacement in cases N 1 8  is 75%  when t varies from 1 .0  to 0 ,1  and 
8%  when t varies from 1 .0  to 1 0 .0 , as compared w ith  364%  and 
37%  in cases N 6 .  This can be explained by the fact that (as the 
comparison is done for a constant inclination  of the bracing members) 
when the layout density decreases, the grid becomes re la tiv e ly  
deeper and the e ffec t o f the bracing members becomes more ap p rec iab le .
The horizontal displacements are insensitive to wide variations in t .
The percentage change on the maximum horizontal displacem ent 
(in  each of the 16 basic cases analysed in this thesis) is less than  
5%  when t varies from 1 .0  to 0 .1  and less than 2%  when t varies  
from 1 .0  to 1 0 .0 .
In each o f the cases considered, the changes are of the same order 
on displacements which are o f the same order and are usually larger 
on sm aller displacements. An increase in t could cause e ith e r  an 
increase or a decrease in the displacements.
The a x ia l forces are insensitive to w ide variations in t .  The 
percentage change on the maximum force in the chord members and 
on the largest force in the bracing members (in each o f the 16 
basic cases considered in this thesis), is less than 5%  when t varies  
from 1 .0  to 0 .1  and less than 4 %  when t varies
from 1 .0  to 1 0 .0 .  The changes are usually larger on sm aller 
forces, but do not vary much from one case to another.
An increase in t could cause e ith e r an increase o f a decrease 
in the forces; this could be exp la ined  as fo llow s. Consider for 
instance cases C and D where the grids are supported at the 
comers o n ly . It can be easily  shown from equilibrium  that the 
summation of forces in the chord members cut by any section across 
the grid must remain constant independently of t ,  and hence i f  
the forces in some members increase, they must decrease in some 
other members.
e) The maximum vertica l reaction (in each o f cases A  and B considered 
in this thesis) increases when t increases w h ile  small reactions 
usually decrease, the percentage change on the maximum reaction  
being less than 20%  when t varies from 1 .0  to 0 .1  and less than  
10% when t varies from 1 .0  to 1 0 .0 ; this can be exp la ined  as 
fo llow s. When t increases, the grid becomes stiffe r and more load  
flows to the m id-edge where the maximum reaction is; on the 
other hand, when t decreases the grid becomes more f le x ib le  w ith  
a more even distribution of reactions along the edge. An increase 
in one reaction must obviously be accompanied by a decrease in 
another, for the summation o f reactions must remain constant.
The varia tion  in the inc lination  0 of the bracing members (and a combined
varia tio n  in t and 9) is considered in terms of t *  (function of t and 9) and a
2
modified form of the displacements and forces (d * =  k d , d * =  k d , F *  =
1 u u z z  c
k F ^ ). The effects of variations in t *  on the m odified form of displacements 
and forces, are sim ilar to the e ffec t of variations in t on the displacements and 
forces, as discussed in the above conclusions.
From the knowledge that the displacements (forces) vary lin early  w ith  ~ , 
advantage could be taken to approximate the displacements (forces) for 
differen t values of t ,  from one analysis taken as a base. If for instance in a 
design or optim ization process it is decided a priori that the value o f t should be 
lim ited say between two extreme values t^ and t^ , then to m inim ize the error
o f approxim ation from one analysis taken as a base w ith  a value t^ , t^  should 
be chosen such that
1 . =  ’ ( J _  + J _ )  
*0 1 V
or
t 1 t
t =  2 —— -
0 f l + t 2
From the above conclusions it is seen that the changes in the d isp lace­
ments (forces, reactions) due to variations in t can be appreciab le , especia lly  
on lower values o f t and N .  The assumption often made in approximate methods 
that t is in fin ite ly  large could result in appreciable errors and especia lly  in 
an underestimate o f the vertica l displacements. The percentage changes given  
in the conclusions, however, are for extreme values o f t and are sm aller for 
variations in t in the practical range. When t varies in a small in te rv a l, a 
good approxim ation is obtained by considering the forces and displacements 
to remain constant. S im ila rly , when 0 varies in a small in terval the ve rtic a l 
component of the force in the bracing member, the product of the force in the 
chord member by the height of the g rid , and the product of the vertica l 
displacement by the square of the height, can be considered to remain nearly  
constant. These approximations are sometimes used in approximate methods 
and design, although they cannot be taken fo r granted, and could be used w ith  
more confidence when checked by exact analysis.
3) The Effect of the Layout Density.
An interesting conclusion which can be drawn from the results presented 
in Chapter Two is the close s im ilarity  in the pattern o f distribution of displacements, 
forces and reactions, when the layout density va ry . This can be read ily  seen 
from Figs. 2 -2 2  to 2 -3 0 .  In each of the cases A , B, C and D , the displacements 
(forces, reactions) along any section in the grid fo llow  the same pattern and the 
same percentage o f the maximum in a ll the layout densities considered; this 
is even so when the curves change sign and curvature. In the case o f the forces 
in the bracing members, the pattern remains the same, but the curves do not seem
to fo llow  the same percentage of the maximum. This is only because the 
percentage is expressed in terms of the maximum in a ll members, w hich occurs 
in the chord members, and the curves would be closer to each other i f  the 
percentage is expressed in terms of the largest force in the bracing members.
When the layout density increases, the curves get closer to each other; the 
curves for the layout densities N 1 4  and N 1 8  are often confounded w ith  each  
other and the curves for the layout density N 1 0  a lready give a smooth and good 
representation o f the behaviour of the grid .
For an actual comparison between the curves in d ifferent layout densities, 
the scales given in Table 2 -1  have to be considered. From such a comparison 
it  was found that it  would be a reasonable approxim ation to consider that:
-  the ve rtica l displacements vary lin early  w ith  the layout density N
-  the forces in the chord members remain the same when N  varies
-  the forces in the bracing members and the reactions (Cases A  and 
B only) vary  lin ea rly  w ith  the inverse o f N ,
th e  approximate relations being more accurate for higher values of the layout 
density N .  In the case of the chord members, the discrepancies on sm aller 
layout density become large as the distance between supports becomes appreciab ly  
d ifferen t in that case, and the approximation would be better when this is taken  
into account.
A  number o f other conclusions concerning the e ffec t o f the layout density  
have been given in previous parts of this section.
The conclusions given in this section show an important property o f the  
grid which is worth stressing, namely the consistency o f behaviour found 
throughout the study of d ifferen t variables and conditions. Variations in the 
layout density or properties o f the bracing members for instance, have basica lly  
the same effec t on a ll ve rtica l displacements (horizontal displacements, forces 
in the chord members, e tc . )  in a ll the cases considered. Although the pattern  
of distribution of forces and displacements in the grid may not seem to be easily  
understandable or comparable to that found in plane grids and plates for instance, 
it remains the same for a given support and loading conditions when other factors
v a ry . The results presented in this thesis are for a lim ited number o f cases and 
the conclusions given apply s tric tly  speaking to the cases considered o n ly .
The consistency of behaviour, however, gives some confidence to extend the 
above conclusions to grids w ith  sim ilar conditions and to use the av a ila b le  
results to assess the behaviour of the grid in other cases. An interesting  
example is to use the given results to assess the forces and displacements in 
grids w ith  d ifferent layout densities. For a given support condition, the 
uniform ly distributed load a ll over and the concentrated load at the centre  
represent extreme cases and the results given could be used to assess the 
behaviour of the grid under interm ediate loading conditions; it is also 
interesting to note these two cases could be combined together to obtain the 
e ffec t o f a support at the centre . The two conditions of supports a ll around 
and supports at the corners on ly , represent also extreme cases which could be 
helpful in assessing interm ediate support conditions, say at the m id -ed g e .
Another interesting property of the grid , is that it behaves nearly  like  
a s ta tica lly  determinate structure although it is h ighly indeterm inate. This can 
be explained by the fact that although the grid has a large number o f redundant 
members, this remains re la tiv e ly  small w ith  respect to the number o f members 
forming a primary structure, and the e ffec t on the behaviour of the structure 
remains sm all. To w it ,  the grid w ith  a small layout density (say N  =  3) is 
nearly s ta tic a lly  determ inate, and the number o f redundant members increases 
w ith  the layout density and becomes hundreds in dense layouts; the percentage  
ratio  of the number of redundant members to the number of members forming a 
primary structure, however, approaches assym ptotically a value of 10% (approxi­
m ately) when the layout density N  goes to in fin ity .
It is f in a lly  hoped that the results and conclusions given would prove 
helpful in the understanding of the behaviour and in the design of the double­
layer grid type considered in this thesis in particu la r, and would provide a guide  
line for the investigation o f other grids and conditions.
Section 6 -3 . Approximate Analysis of Double-Layer Grids: Computer M ethod.
In Chapter Three a method is developed for an approximate analysis of 
d o u b le -laye r grids, using an electron ic  d ig ita l computer. The method consists 
basically  in the fo llow ing:
i) reduce the stiffness m atrix K o f the structure and the external
load vector W o f the structure (expressed in the three-dim ensional
system o - x - y - z ) ,  to an equivalent stiffness m atrix K *uy an^
an equivalent load vector W *^  respectively,expressed in the
plane u (o -x -y )  of the g rid . The displacement vector D^
of the structure and the equivalent load vector W * o f the structure
u
are connected by the reduced stiffness m atrix K * (a ll in the 
'  uu
plane u of the grid) by the relation K * D =  W * .
. uu u u
ii)  separate the reduced stiffness m atrix K * into the chords 
r  uu
stiffness m atrix (K ~ ) and the bracings stiffness m atrix (K * )
C uu B uu
in the plane o f the grid obtaining the relation
(  (K/-') *  (K *D) ^ D =  W * , and ignore the bracings stiffness\  C uu B uu /  u u .
m atrix obtaining the approximate relation (K ~ ) D =  W *  .
C uu u u
The bracings stiffness m atrix is ignored on the strength o f the results 
given in Chapter Two which showed that the horizontal displacements 
are insensitive to wide variations in the cross-sectional area o f 
the bracing members.
#
i i i )  separate the relation (K ^ ) D = W * into the two sim ilar and
C uu u # u .
independent relations (K^Oj j =  anc  ^ ^ C ^ 2 2  ^ u ^ 2  =
for the tpp layer and bottom layer respectively, and solve these two  
equations for the horizontal displacements. These two relations  
represent stiffness equations for the top and bottom layers as plane  
pin-connected structures which became independent from each  
other by ignoring the bracings stiffness; the solution of the equations  
is possible on the strength that these plane structures are s tab le .
iv ) find the vertica l displacements and the forces, using the approxim ate  
horizontal displacements, but introducing no further approx im ation .
The advantages o f the method can be summarized as follows:
a) The method is suitable to be fu lly  programmed for an e lectron ic  
d ig ita l computer and takes into account the fu ll details o f the 
structure (geom etry, layout density, position o f loads and supports, 
e t c . ) .  The form ulation is independent o f the grid type and 
conditions, and the analysis o f d ifferen t grids can be tackled  
system atically , given the basic data of the d o u b le -laye r grid
as in the case of the standard stiffness method.
b) The method results in tremendous computational economies (as 
compared w ith  the standard stiffness m ethod). The solution o f 
a system of n simultaneous equations is p ra c tic a lly  reduced to 
the solution o f three systems o f about ^  simultaneous equations 
e a c h . These systems of equations are also bounded, the band 
w idth  being much sm aller than the band w idth in the orig inal 
system (about l /6 t h ) .  It follows that the maximum storage 
requirement fo r the solution o f the three systems of equations is 
about 18% the storage required fo r the orig inal system in the case 
of the grids considered in this thesis. A lthough it is d iff ic u lt  to 
give a q uan tita tive  estimate o f the saving in computer tim e, the 
solution time is usually considered to be a cubic function o f
the dimensions of the equations and is also tremendously reduced.
It is to be noted that these economies not only make the analysis 
less expensive, but also they make the analysis feasible where it  
would have been impossible otherw ise.
c) The errors resulting from the approxim ation are sm all. In each o f 
the 16 cases considered in this thesis, the maximum percentage  
error on the horizontal displacements between 75%  and 100% of 
the maximum does not exceed 11% . In the case of ve rtica l 
displacements, it is less than 6%  and in the case of the chord 
forces it is less than 8 % . In the case o f the bracing members the 
maximum error was nearly 60% , but this was exceptional o ther 
errors being o f the same order as in the case of the chord members. 
The approxim ation is as satisfactory on other displacements and
forces, although the errors are usually larger on smaller components.
The method proposed has been checked for the cases considered in this 
thesis on ly , and its v a lid ity  w ith  other cases should s tric tly  speaking be checked  
also . However, as the form ulation is general and the behaviour o f the grid  
is consistent, and as the method was checked for w ide variations in the layout 
densities and support and loading conditions, it  would be expected to be as 
e ffe c tiv e  w ith  other cases and types of grids. It may f in a lly  be concluded that 
the method developed presents a new approach and a powerful means for the 
approximate analysis of d o u b le -la y e r grids.
Section 6 -4 .  Approxim ate Analysis o f D oub le-Layer Grids: Interpolation T echn ique .
In Chapter Four a technique was developed to approximate the 
displacements and forces in the grid , for d ifferen t values o f the cross-sectional 
area o f the bracing membersr by interpolation from known exact values. The 
technique consists basically  in the fo llow ing:
i) separate the stiffness m atrix into a constant part and a variab le
p a rt. The stiffness relation KD = W  is w ritten  in the form
( K -  +  t KD ) D =  W , where t is a scalar variab le  and and K D 
C d L  t>
are independent o f t .
i i )  Use the above relation (and Cram er‘s rule) to obtain the exact
relation expressing the displacements and forces as a function
of t; the re lation  is found to be a rational expression in t o f 
order n o f the form
_ p o + p 1 t +  p2 t 2 + - - - + PI/
n . 2  . . .n
q l f q2 + - ' -  +  qn i'
i i i )  truncate the exact relation to obtain an in terpolation function;
an e ffic ie n t in terpolation function was found to be (in the case 
under consideration) a rational expression in t o f order m =  1 
o f the form
I (0  = a  +  m t
iv ) analyse the structure for two d ifferen t values t^ and
determine the coefficients a and b; the displacements and forces 
can then be approximated for any other value of t .
The approximate relation gave very accurate results for a ll the cases 
considered in this thesis and a ll components between 25%  and 100% of the 
maximum (as shown in Tables 4 -1  and 4 -2 )  when used for interpolation as w e ll 
as for extrapo la tion .
In using this technique, the displacements and forces in the grid are 
expressed as a simple function of the variab le  param eter. This is quite  
advantageous as, firs tly , rather than studying the behaviour em p iric a lly , a 
curve can be plotted giving read ily  a c lear understanding of the behaviour. 
Secondly, once the form of the interpolation function is determ ined, a minimum  
number of solutions is carried out to determine the behaviour and the solutions can 
be e ffic ie n tly  spread along the curve such that the results for other values of 
the parameter can be more accurate ly  estim ated. F in a lly , the determ ination  
of such a curve from a re la tiv e ly  small number o f solutions, would prove quite  
economical in optim ization processes as the required value could then be p ra c tic a lly  
p in -p o in te d .
Although the technique was described for the variab le  param eter being  
the cross-sectional area of the bracing members in d o u b le -layer grids, other 
variables and other types of structures can be considered in a sim ilar manner, 
fo llow ing  the same steps in order to obtain an e ffic ie n t interpolation fu n c tio n .
It is also to be noted that more than two coeffic ients could be used in the truncated  
relation to improve on the accuracy if  required, and that the technique could be 
extended to two or more parameters varying sim ultaneously.
F in a lly , it can be concluded that a useful technique is obtained for an
approximate analysis by in terpo lation , and for the study of the behaviour of grids
\
and other structures in terms of some variable parameters.
Section 6 - 5 .  Suggestions for Further Research.
The work presented in this thesis can be extended in many directions  
concerning the structural behaviour and approximate analysis of d o u b le -la y e r grids.
Firstly , it would be interesting to extend the w o rk  done on the structural 
behaviour of d o u b le -laye r grids by analysing (using an exact method) the grid  
type considered in this thesis as w e ll as other types, for d ifferent boundary shapes, 
layout densities, and supports and loading conditions, lik e ly  to be encountered  
in p ra c tic e . A  w ide co llection  of such solved cases would prove helpful as a 
guideline to the design of grids and to choosing the grid most suitable to the  
requirements in hand; these solved cases would also provide a check on approxi­
mate methods of analysis.
Secondly, it would be interesting to use the technique developed in 
Chapter Four to study the behaviour of grids and other structures as simple 
functions of d ifferen t variab le  parameters. This would prove helpful to read ily  
estimate the displacements and forces in the structure for d ifferent values o f the 
parameters under consideration and to optim ize for the most e ffic ie n t cond ition .
T h ird ly , and most im portant, the method developed in Chapter Three 
could be checked for a number o f d ifferen t grids and conditions to establish its 
re lia b ility  in order to use it more free ly  for the analysis of d o u b le -layer grids.
As an extension, the method may be found to be applicab le  to the approxim ate  
analysis o f structures where a certain  type o f stiffness i f  o f a secondary nature 
and can be ignored. It would also be worth investigating the possibility o f 
improving on the accuracy of approximation i f  required, by a process o f ite ra tio n  
considering the out o f balance forces resulting from the approxim ation, the method 
becoming then of the sem i-ite ra tive  type .
i .
Lastly, using the results and conclusions given in this thesis, some simple 
in terpolation functions could be derived, to use the results o f solved cases in order 
to estimate the forces (displacements, reactions) in grids (of the same type and 
conditions) w ith  d ifferen t layout densities. O n the one hand, this would prove 
useful as a quick hand method for the design o f d o u b le -layer grids; on the 
other hand, it  would prove an e ffic ie n t approximate method for the analysis of 
dense grids, by analysing sim ilar but less dense grids and then extrapo lating  the 
results.
A P P E N D IX  A .
DESCRIPTION OF THE COMPUTER PRO G RA M M E.
Section A - l . Introduction.
in this appendix the computer programme,used for the exact analysis 
of the d o u b le -layer grids considered in Chapters Two and F ive , is described.
The programme is w ritten  in A lgo l 60 and is based on the formulation o f the 
standard stiffness method described in Section 1 -5 .  It was specia lly  developed  
during this research work to analyse the d o u b le -laye r grids under consideration, 
using the computer fa c ilitie s  ava ilab le  at the University of Surrey; it  is however 
general for linear skeletal structures. A sim plified block diagram showing 
the main steps of the programme is given in F ig . A - l  and a copy o f its main 
body is given in Appendix B*.
A  major task in the analysis of d o u b le -layer grids, is the solution of 
the resulting simultaneous equations requiring usually a large amount o f 
computer storage; this is especially  so in the case o f the grids to be analysed, 
w ith  the storage requirements being large w ith  respect to the computational 
fa c ilit ie s  a v a ila b le . To make the solution feas ib le , a technique based on the 
Gaussian e lim ination  method was then developed, resulting in large economies 
in computer store and e ffic ien cy  in solution tim e .
W ith  an increase in the size of structure to be analysed, the amount of 
data preparation, input and output, could also become considerable. These 
have been given special consideration, w ith  p articu lar reference to the case o f 
d o u b le -layer grids.
* l t  is acknowledged that some of the m atrix operation procedures used in the 
programme are taken from the reference: Nooshin, H . ,  "Procedures in A lg o l 60  
for M a tr ix  O perations", Department of C iv il Engineering, University  o f Surrey, 
A p r il,  1968.
Print the joints displacements.
Print the reactions at the supports and the 
equilibrium  check at the joints.
Find the member end forces.
Find the reactions at the supports and check  
the equilibrium  at the joints.
Form the stiffness m atrix o f the structure and 
solve the system of simultaneous equations for 
the joints displacements.
Read the topological properties of the structure. 
Read the geom etrical properties o f the members. 
Read the e lastic  properties o f the members.
Read the k inem atic characteristics of the joints. 
Read the external load ap p lied .
A - l .  S im plified  Block Diagram of the Computer Programme.
Section A -2 .  Solution of the Simultaneous Equations.
It was decided to solve the simultaneous equations (resulting from the 
analysis by the stiffness method and expressed in matric form by the relation  
KD = W ) by a d irect method of e lim in a tio n , a fte r due consideration was given  
to both d irect and ite ra tive  methods (see for instance Ref. 19). Furthermore, 
the Gauss method of e lim ination (Refs. 5 and 6) was chosen as being the most 
su itab le . The main d iffic u lty  in the solution of the equations is the large 
amount o f computer storage required, and a number of techniques have been 
developed to overcome this d iff ic u lty  (see for instance Refs. 1, 7 , 10, 12, 13 
and 2 7 ), taking advantage o f the properties o f the stiffness m atrix w hich is 
symmetric positive defin ite  and banded.
However, using the computer fa c ilitie s  ava ilab le  at the U niversity  of
Surrey, the analysis of the grids considered in this thesis (considering l /8 t h  of
the structure only and three degrees of freedom at the joints) s till presented some
d iff ic u lty . The storage requirement and the storage ava ilab le  are now exam ined.
In carrying out the Gaussian forward e lim ination  we note that -  provided that no
pivoting is done and that the pivots are chosen down the leading diagonal -  the
banded stiffness matrix remains banded. Furthermore, at every stage o f the
th
e lim ination  w ith  the i row being the pivotal row, the only part o f the m atrix
w hich is m odified, is the square leading diagonal submatrice having the i ^  row
th
as its first row, and the part o f the m atrix below the i row remains symmetric 
(F ig . A - 2 ) .  Consequently, it is only necessary to operate on and store the part 
of the m atrix indicated by B in F ig . A - 2 .  In modern computers there are usually  
two types of stores; the main store where actual computation can take place but 
w hich is re la tiv e ly  lim ited in capac ity , and the backing store which is re la tiv e ly  
larger in capacity  but where no operation can take p la c e . It is then usual when 
carrying out a Gaussian e lim ination to have part A  o f the matrix in the main 
store and to store part B in the backing store. A t the beginning o f the research, 
the computer ava ilab le  was E llio t 503, w ith  a main store of 7000 words and a 
backing store of 16000 words; a fte r a llow ing  for the programme and the da ta , 
the free main store ava ilab le  was reduced to less than 3000 words. A t a la ter  
stage o f the research, an ICL 1905 computer Was made ava ilab le  w ith  a main 
store of 32000 words and a backing store which can be considered unlim ited for
Pivotal 
row i
* non
Symmetric
■Part B
Symmetric banded stiffness matrix
-Part A
Stage i of forward elimination
zero coefficient
Pig«, A-2.
for our purpose; a fte r a llow ing  for the programme and data , the main store 
ava ila b le  was equal to about 10000 w ords*. In the grid cases N 1 8 , part
A  of the m atrix has about 3600 coeffic ients and cannot be accommodated in 
the E llio t 503 computer.
The solution technique used in this programme was firstly  developed  
for use w ith  the E llio t 503 computer, the main aim being to m inim ize the main 
store required. The algorithm  of the technique (the part o f the programme 
referred to as "Triangular") is given in A ppendix B, and its main features are 
b rie fly  described here. First, only half o f part A  (the upper triang le ) o f the 
m atrix is stored in the main store. This is made possible by storing the 
coeffic ients of the upper triang le  (by rows) in a one dimensional array (array S K ). 
To locate the coefficients o f A  in the one dimensional array, the address o f the 
last coe ffic ien t in each row i is computed once and stored in row i +  1 o f a 
one dimensional array (array S Q ). A  co e ffic ien t A [ i ,  j l  o f the part A  o f the 
m atrix , is then easily located in SK by S K £ S Q [ ] \  +  j ]  , and the operations are 
then carried out on SK as on a two dimensional a rray . Besides the saving in 
store, this results in more e ffic ien cy  in computer tim e, for to locate a co e ffic ien t 
A ^ i ,  j ]  in a two dimensional array requires some m u ltip lication  operations 
w hich have been elim inated by using the one dimensional array SK . Furthermore, 
operations in Gauss e lim ination  are carried out on consecutive coeffic ients  o f 
a row and hence the address S Q [ i ]  can be computed only once for a row . N o ting  
that the calcu lation  of addresses form a main part o f the operations in Gaussian 
e lim in a tio n , the saving in computational time is ap p rec iab le . A nother feature  
of the technique, is that when the forward e lim ination  is being carried out and 
a row i is being m odified, the modified coefficients are stored in row i-1  o f the 
array (row 1 being stored in a working space a rra y ). Consequently there are 
no wasted operations for copying and shifting the modified part o f the m atrix , as 
is often done in some of the methods. The same process is used w ith  the load 
vector and in the backward substitution. It is also interesting to note that the 
coeffic ients of the stiffness matrix are formed by rows of a joint at a tim e; these 
rows are used as pivots to carry out part of the forward e lim in a tio n , and the 
m odified pivotal row is stored in the backing store. Hence the coeffic ients  of 
part B of the m atrix are only transferred once to the backing store and transferred 
back once to the main store for backward substitution.
* ln  E llio t 503 , the words are 32 bits each, integer and real values occupying one 
word each . In ICL 1905, the words are 24 bits each , a real value (such as, the 
coeffic ients  o f the equations) occupying two words.
It is worth noting that advantage can be taken of the banded and 
symmetric nature of the stiffness m atrix , only because of the important property  
of the stiffness m atrix being positive defin ite  (Refs. 9 and 13), as this makes 
it possible to carry out the forward e lim ination  w ithout p ivoting and to choose 
the pivots down the leading d iagonal. P ivoting is usually carried out e ith e r  
as a must to avoid division by zero , or to decrease the e ffec t of rounding errors by 
avoiding subtraction of small numbers. In a positive defin ite  m atrix , every  
elem ent on the leading diagonal is non zero and positive. Furthermore, if  
pivots are chosen down the leading d iagonal, each reduced matrix remains 
symmetric positive defin ite  at every stage of the Gaussian e lim ination  (Refs. 6 
and 3 0 ). It fo llow s, that it  is possible to choose the first p ivo t, and a ll 
subsequent pivots, down the leading d iagonal, a ll pivots being then non zero  
and positive. Consequently, it is not necessary to have pivoting to avoid  a 
division by zero . Furthermore, w ith  regard to rounding errors, p ivoting is 
considered to be irre levant in the special class o f positive defin ite  matrices 
(Refs. 30 and 3 1 ). On the strength of these arguments, p ivoting has been 
discarded in this w ork.
Another advantage (which has been used in this programme) resulting from 
the fact that no pivoting is required, is that it is not necessary to form the complete  
co effic ien t m atrix prior to the forward e lim ination  process. A t every stage o f the 
e lim ination  i t  is only necessary to have the p ivotal row com pletely form ed, w h ile  
other coeffic ients o f the m atrix could be p a rtia lly  formed or com pletely unpresent. 
As far as the pivotal row is com plete, the e lim ination  process can be carried  out 
and the m odification to the coefficients recorded; the coefficients themselves can 
then be added la te r .
Section A - 3 .  Data Storage, Input, O u tp u t.
W ith  the growth in the size of structure to be analysed, the amount o f 
store required for the d a ta , and the tedious tasks of preparing the data and 
processing the results, also grow considerably. These items have been given  
special consideration in the programme, as described in this section.
1) Data Storage.
The main bulk o f the data consists of the fo llow ing:
a) topological properties of the structure; i . e .  the way the joints
are interconnected by the members
b) geom etrical properties of the members; i . e .  the position o f the
members in space and the form o f th e ir cross-section
c) the elastic properties o f the members
d) the kinem atic characteristics o f the joints; i . e .  the number 
and type o f degrees of freedom a t the joints, and the number 
and direction of constraints
e) the external load applied at the joints.
The data is basically stored in the fo llow ing  manner. The data corresponding
to the topological properties of the structure is stored in an array w hich has as many 
rows as there are members, and each row contains the joints number a t end 1 and 
end 2 of the member. The data corresponding to the other properties o f members 
and joints is split into two parts (in each set o f properties) and stored in two 
d ifferen t types of tables referred to as "property arrays" and "type arrays".
i) property arrays contain the properties o f members (joints) having  
different characteristics; i . e . properties o f identical members 
(joints) are given only once. To keep the number o f d iffe ren t 
characteristics to a minimum, the fo llow ing  properties were given  
in separate arrays:
-  members position in space w ith  respect to structure coordinate  
system
-  members cross-section properties w ith  respect to members 
coordinate systems
-  position of joints coordinate systems w ith  respect to structure 
coordinate system
-  direction of joints constraints w ith  respect to joints coordinate  
systems
-  joints loads w ith  respect to structure coordinate system.
i i )  type arrays are integer arrays having as many coeffic ients as there 
are members (jo in ts), and the coeffic ients for each member (jo in t) 
refer to the properties to be used from the corresponding property  
a rray .
To sim plify the data , some of the property arrays contain scaling factors; 
for instance, in the array defin ing the positions o f the members in space, d ifferen t 
scaling factors can be provided for the x , y and z  components and the projections 
o f members in d o u b le -layer grids can then be easily  expressed as integer values. 
The type arrays being integer arrays are also easy to handle. Further, as the 
coeffic ients o f the type arrays usually have no more than 2 digits w h ile  an in teger 
value has about 8 d ig its, it is possible to store many such coeffic ients in one 
in teger v a lu e . By using special procedures (P A K l, U N P A K I), a one dimensional 
in teger array can be easily  used as a two dimensional array, reducing g rea tly  the 
amount o f storage required.
2) Data Input.
To input the data , the two extreme possibilities are to read the w hole data
in a straightforward manner on the one hand, or to generate it by a programme
on the other hand. W h ile  the former would involve a lot of tedious preparation,
the la tte r would require specific programming for d iffe ren t types o f problems, and
would only be w orthw hile for a large number o f sim ilar problems. Consequently,
*
a compromise was made in this programme by storing the data in the manner 
described in the previous subsection, the main bulk being the type arrays.
D iffe ren t fa c ilitie s  are provided to form these arrays in the most convenient w a y .
In general cases, the whole array can be read in a straightforward manner 
(procedures READI, READR). In the case o f structures which have a rep e titive  
pattern or many elements having identical properties, a more compact form can 
be used; this is done by expressing the data in the form of a progression or by 
grouping sim ilar items together (procedures R E A D I, READ2, READ3). The data  
can be read in any order, and can be formed by any combination of the reading  
fa c ilit ie s  described. In case the structure is to be analysed many times w ith  
some m odification , it is then only necessary to read the m odifications introduced  
to the d a ta . The programme includes also the fa c il ity  o f reading the data from
m agnetic tape or storing it on magnetic tap e . Using this system of storing 
and reading the d a ta , o ther suitable reading procedures as w e ll as procedures 
to generate d ifferent parts o f the data , could be easily  introduced when required  
for specific problems w ithout any interference w ith  the programme.
A  checking system is used in reading the data , by comparing a code 
in the programme to a code at some strategic points in the data (procedure O K ) .  
This ensures that the right amount of numbers has been read, and helps in locating  
any source of error. The fin a l check on the data is obtained by printing the 
whole o f i t ,  bypassing a ll sources o f errors such as forming the data by compact 
form, punching and computer m isreading.
3) O utput of Results.
A  fa c il ity  is provided in the programme to output the results in one or 
more of the fo llow ing forms.
a) the results can be prin ted , punched on paper tape or stored 
on magnetic tape
b) the results can be conveniently  scaled and printed in tab le  form, 
w ith  the scaling factor g iven . The scaling can be done by an 
in teger power of ten such that the maximum value in modulus 
(for displacements, forces and reactions in each case) is 
between 100 and 1000 say. A lte rn a tiv e ly , the results can
be scaled such that the maximum in modulus becomes an 
in teger power of 10, say 100. In e ith e r case, the results 
can then be printed in the convenient fixed  point form, 
obtaining at the same time a good accuracy from a re la tiv e ly  
small number o f d ig its . The la tte r case where the maximum 
is printed as 10.0 is especially  convenient, for the results are  
now expressed as a percentage o f the maximum.
c) to print the results in a layout sim ilar (as much as possible)
to that o f the structure. This is especia lly  suitable for double­
layer grid structures, which have a repetitive  pattern and a large  
number o f joints and members. This fa c il i ty ,  combined w ith  
scaling the maximum such that it becomes 100, provides read ily
a graphical representation w ith  the numerical values given  
at the same tim e .
This last system was found most useful in studying the distribution of 
forces and displacements in d o u b le -layer grids, and is used in presenting the 
results given in Figs. 2 -5  to 2 -2 0 .
A P P E N D IX  B.
A  C O P Y  OF THE COMPUTER PROGRAMME ( IN  A L G O L  60) 
FOR A N A LY S IS  OF SKELETAL STRUCTURES.
‘ BEGIN’ ’ COMMENT' PROCEDURES BLOC CPROGRAMt V 0 7 G) ;
PROCEDURE* WORKSTORE<C, D*K);
VALUE1 C f k ;
INTEGER' C#KJ ’ STRING'  D;
EXTERNAL* f
PROCEDURE’ PUT ARRAY<C, K#A)J
v a l u e * .  c ;
INTEGER* C, K;  'ARRAY' A?
EXTERNAL*S
PROCEDURE' GET ARRAYCC, K * A ) ?
v a l u e * c;
INTEGER' C/ K;  ’ ARRAY' A?
EXTERNAL' i
PROCEDURE' FRBESTORE(C) !
VALUE’ c;
INTEGER* C;
EXTERNAL* ?
PROCEDURE' USECCHANNEL NUMBER t FILE NAME);
VALUE' CHANNEL NUMBER;
INTEGER* CHANNEL NUMBER; ' STRING'  FILE NAME;
e x t e r n a l ' ;
PROCEDURE' READ BJNARY<CHANNEL NUMBER#ARRAY, ARRAY NAME);  
VALUE' CHANNEL NUMBER;
INTEGER' CHANNEL NUMBER; 'ARRAY' ARRAY; ' STRING'  ARRAY NAME 
EXTERNAL';
PROCEDURE* WRITE ' BINARY(CHANNEL NUMBER,ARRAY#ARRAY NAME); 
VALUE1 CHANNEL NUMBER;
INTEGER' CHANNEL NUMBER; 'ARRAY' ARRAY; ' STRING'  ARRAY NAME
e x t e r n a l ' ;
PROCEDURE ' DATA S KI P( CHANNE L, NUMBER)?
VALUE' CHANNEL NUMBER; •   - •
' INTEGER* CHANNEL NUMBER;
• e x t e r n a l * ;
'PROCEDURE* SKIPCCHANNEL NUMBER, N);
'VALUE* CHANNEL NUMBE R, N *
' INTEGER'  CHANNEL NUMBER,N;
' EXTERNAL' ;
'PROCEDURE' READR ( A , IA , 11A , J A, J J A) ;
' VALUE' I A , I I A# J Ar J J A;
' INTEGER'  I A, I I A» J A# J J A;  'REAL* 'ARRAY* A;
'BEGIN* ' INTEGER'  I , J ;
'FOR'  I;e?lA ' STEP'  1 ' UNTIL'  I IA 'DO*
'FOR* J ; s J A  'STEP* 1 ' UNTIL'  JJA 'DO'
AC I f J 3  :=READT
'END* OF p rocedure  r e a d r ;
'PROCEDURE' READI ( A, I A, I I A , J A , J J A ) ;
'VALUE'  .1A, 1 1 A, J A * J J A;
' INTEGER'  l A r I I A , J A f J J A ;  ' INTEGER'  'ARRAY' A;
'BEGIN* ' INTEGER’ I , J ;
'FOR* I : « IA 'STEP* 1 ' UNTIL'  11A 'DO'
'FOR'  J j s JA ' STEP'  1 ' UNTIL'  JJA 'DO*
ACl rJ3 ;«READ;
'END'  OF PROCEDURE REApi ;
' pROCEDURE' MK(n, R, XYZfX , Y , Z , A L pH A , E A, G J , E I Y * E I Z , T f K 1 1 , K1 2 , K2 1 , K2 2 , Mo D E >  
' INTEGER'  D, R, XYZ, MOpE? 'REAL'  X, Y, Z * ALPHA*EA, GJ , EI Yr E1 1J 
'REAL* 'ARRAY' T, K1 1 * K12 , K21 , K2 2 ?
'BEGIN* * I F * D>0 'AND* R 0 'THEN 1----------------  ----- ------------------ ---------------- ----- ---------
MKBNRO( D, X, Y, Zr £ A, T, K1 1 , K1 2 ,  K 2 1 , K22 , MODE) /
' I F '  D>0 'AND' R > 0 'THEN'
MKD3R3( X, Yi Z, ALPHA» EA, GJ , EI Y, f I Z, T, K1 1  , K1 2 , K2 1  , K22»MODE>; 
'END* OF PROCEDURE MX;
'PROCEDURE' MKDNRO( D, X, Yr Zf EA, T, K11 , K12 , K21  , X2 2 , MODE) ;
' INTEGER'  D, MO 0 EI 'REAL'  X, Y, Z*EA?
'REAL'  'ARRAY* T, < 1 1 , K12 , X2 1 , K22 i 
' BEGIN'  '1NTFGER* I , J ;  'REAL'  l , K ;
L ! r 5QRT( X*X+Y*Y+Z*Z) ;
K j s g a / L ;
T M 1 13 ! =X / L; T C 2 , 1 3 i ®Y/ LI ' I F '  D«3 'THEN* T [ 3 , 13 i « Z / L  ; '
' I F '  M 0 D E ° 2 'THEN'
'FOR'  J ; ' STEP* 1 ' UNTIL'  D 'DO*
'BEGIN* K11C1, J3  ?s K 2 2 [ 1 , J 3 j = K * T C J , 1 ] ;
K12[1 , J ] j=K21 [ 3 , J)  ! 3 "K2 2 C1 , J 3 ;
' END*;
' I F '  MODELS 'THEN'
'FOR* I - b I ' STEP'  1 ' UNTIL'  D 'DO'
'FOR* J ; » 1  'STEP* 1 ' UNTIL'  D ' DO1
' BEGIN*  K 1 1 [ I , J 3 ! » K 2 2 C I f J 3 J - T C I #1) * K * T [ J  ,1 ] ;
K12 CI , J 3  ! = K2 1 CI , J )  ! C~ K2 2 CI , J 3 ;
' E n d ' ;
'END'  OF PROCEDURE MKDNRO;
* PROCEDURE* MKD3 R3 ( X, Yf Z , ALp HA, EA, GJ , E l Y, E l Z , T» K1 1 , K1 2 , K2 1 , K2 2 , M0 DE) ?
* COMMENT » MEMBER STIFFNESS f6 DEGREES OF FREEDOM, NOTAT I ON t LIVESLY AND
NOOSHIN,
ALPHA:RADIANS#MODEs1IK?MODE®2 : KTT, MODELSsTKTTI
* VA LUE * X,  Y, Z, ALPHA, EAi G, J , F. IY, EIZfMODE;
‘ INTEGER* MODE?
* R E A L * X, Yr Z, ALPHA# EA, GJ , EI Yf E! Z?
‘ REAL* * Ar r a y * T. K11 , K2 2 , Kl 2 r < 2 1  ?
‘ BEGIN* ‘ INTEGER* I , J ?
‘ REAL* A , B , C , K , S , V ?
‘ PROCEDURE* MATMUL( A, B, R, M, N, p>?
*VALUE* H, N , p ;  ’ INTEGER* M, N, PI  ‘ ARRAY1 A, Bf R?
• b e g i n * ‘ I n t e g e r * i , j , k ? ‘ r e a l * x?
‘ FOR* I*s?1 ‘ STEP* 1 *UNT!L* M ’ DO*
* FOR * J«a1 ’ STEP1 1 ‘ UNTIL* N 'DO'
 'BEGIN* X ? « 0 , 0  ?
‘ FOR* K! a 1 ‘ STEP* 1 ‘ UNTIL* P ‘ DO* ^  .
Xf * X+ACI , K3*BCKi J3?
R f l , J3 snX
• e n d *
‘ END* J
•PROCEDURE* COPY( A#B, M#N) ?
•VALUE* M, N; ‘ INTEGER* M,N? ’ ARRAY* A', B ?
•BEGIN * * INTEGER * I , J ;
•FOR* I • a 1 ‘ STEP* 1 *IJNTIL* M «DO *
•FOR* 'STEP* 1 ‘ UNTIL* N * DO * '
B C I / J 3 s - A C I / J 3
‘ END*;
•PROCEDURE* TRANPO( A, B, M, N) ;
•VALUE* M,N; ‘ INTEGER' M,NJ 'ARRAY* A, B ?
'BEGIN* ‘ INTEGER* ! , J ?
'FOR* I s o 1  ‘ STEP* 1 'UNTIL* M * DO1 
'FOR'  j ; «1 'STEP* 1 ' UNTIL* N 'DO*
BCJ # 1 3 ! «ACI rJ  3
• E N D  • j
K?s 1/ SGRT( X*X*Y*Y+Z*Z> I
»FOR» I j«1 'STEP* 1 ' UNTIL* 6 »DO»
'FOR* J • *=1 'STEP* V  ' UNTIL* 6 »DO *
K11 [ I , J 3 i s K 2 2 U  f J 3 ;=K12i : i  , J ] s a K 2 U l  , J ] i s O. O?
K 1 1 M , 1 3 i = K 2 2 [ 1 , 1 3 !~V:aEA*K?
K12C1. , 13 i s < 2 1  C1 , 1 3 i ^- V?
K11 [ 2 , 2 3  i s  K 2 2 £ 2 , 2 3 i ~ V ! b 12*EIZ*K*K*K?
K 1 2 C 2 , 2 3 ! " K 2 1 £ 2 , 2 3 !=*V?  
K11CS#3 3 i a K2 2 C3 f 3 3 ! « V! Bl 2 ' * 6 I Y* K* K* Kj .
K 1 2 C 3 , 3 3 I - K 2 1 £ 3 / 3 3 ! * - Vf  
K11[ 4 , 4 3  f = < 2 2 CAr A ) l BVsBGJ*kf  
K 1 2 C 4 / 4 3 f a * 2 1 £ 4 , 4 } i B-V?
K1 1 £ 5 , 5 3  f - K2 2 C 5 , 5 3  j a V : = 4* E IY* K J 
<12' C5, 53 s*K21 £ 5 , 5 3  f " V/ 2 ;
K1 1 [ 6 , 6 3 ! 3 K 2 2 [ 6 , 6 3 ! cV: »A*EI Z*KI  
X12C6 , 63  !=K21 [6, 6. 3 i * V / 2 ;
K1 1 £ 2 , 6 3 i £ 6 , 2 3  : « K 1 2 C 2 , 6 3 : « K 2 1 £ 6 , 2 3 * « V . » 6 * EI Z* K* K? 
K 2 2 £ 2 , 6 3 ! ~ K 2 2 £ 6 , 2 3 ! ° K 1 2 C 6 / 2 3 j b X 2 1 C 2 , 6 3 ! = - v ?
K 1 1 [ 3 , 5 3 ! - X 1 1 C 5 , 3 3 j « K l 2 C 3 , 5 3 ! :!K2 1 [ 5 , 3 3 f = Vj ( s « 6 * EI Y* K* K;  
K2 2 C 3 . 5 3 ! « X 2 2 C 5 r 3 3 i » K1  2 C 5 , 3 3 ! « K2 1 [ 3 # 5 3 i »
1 IF* M 0 D E > 1 'THEN*
•BEGIN* ' R E A!. * 'ARRAY* TT , 0 £ 1 »6 ,1 s 6 3;
QM , 1 3 ! ~Ai nX*K;
Q £ 2 , 1 3  j ~ B :» Y * K ?
Q £ 3 , T 3 »=C 
Q £ 3 ,  2 3 j =0 .  0 J 
K i e s A * A * B * B ;
' IF* K>0 'THEN*
'BEGIN* S ; oSQRT(K)J  V : » 1 / S ;  
o n  , 23  « n« B* V *
QC2, 2 3 ! » A* VJ  
or 1 , 3 3 ! S- A*C*V?  
o r 2 , 3 3 ! P - B * C * V I  
Q C 3 , 3 3 s a S I 
'END* 'ELSE*
'BEGIN* QC1, 2 3 ! «QC?i 33  i « Q [ 3 » 3 3 i n O. p l  
0£1 , 33 • a**C J 
Q C 2 , 2  3 i o 1 . 01  
1 END 9 I
' I F*  . ALPHAJBO 'THEN*
'BEGIN'* 'REAL* 'ARRAY* R M s 3 , 1 s 3 3 J - —
R M , 13 s » 1 . 0 ;
R n , 2 3 ! « R [ 1 , 3 3 : 0 R £ 2 , 1 3 ! S R £ 3 , 1 3 ! BOf Ol  
R T 2 , 2 3 ! « R £ 3 , 3 3 !®COS<ALPHA);
R f 2 , 3 3 ! «V! PSI N<ALPHA) I  
R £ 3 , 2 3 r - « V J
MATMUI. (Q, R, T, 3 , 3 , 3 ) ?
* END * 'ELSE*
COPYCQ, T, 3  , 3 ) I 
'FOR* 1 * 0 1 , 2 , 3  * DO*
'FOR* ,l ; b 1 , 2 , 3  * DO '
'BEGIN* TCI + 3 / J  + 33 8 « TC! , J 3  I
TCI , J  + 33 i « TCI♦ 3 , J 3 snO. O?
' END*;
TRANPOCT, TT, 6 , 6 ) 1  
11F * M0DEa2 'THEN*
'BEGIN* MATMULCK11, TT, Q, 6 , 6 , 6 ) J 
COPYCQ, K11, 6 , 6 ) J 
MATMUL<K2 2 , TT, Q, 6 , 6 , 6 )  ,*
COPYCQ, K22, 6 , 6 ) !
MATMUL(K12, ' TT, Q#6, 6 , 6 ) 1  
COPY<0 , K 1 2 , 6 , 6 )  J 
MATMULCK21 , T T , 0 , 6 , 6 , 6 )  ,'
COPYCQ, K21, 6 , 6 ) J
* END' ;
' I F '  M0DE«3 'THEN*
'BEGIN* MATMIJL CK11 , TT, Q , 6 ,  6 , 6 )  J 
MATMUICT, Q, K11, 6 , 6 , 6 ) ?
MATMULCK2 2 / TT, Q, 6 , 6 , 6 ) ! 
MATMUL(T, Q, K22 , 6 , 6 , 6 ) I 
MATMULCK12 , TT, Q, 6 , 6 , 6 ) J  
MATMUl ( T, Q, K1 2 , 6 , 6 , 6 ) J 
MATMULCK21, TT, Q, 6 , 6 , 6 ) ?
MA7MULCT, Q, K21, 6 , 6 , 6 ) J 
'END* ?
' END' ?
' END*;
’ PROCEDURE' OK(OKPROG);
'REAL'  OKPROG?
' BEGIN'  'REAL'  0 K D A T A ? OKDATA : sREAD i
NEWLINEC1):  PR I NT( OKPROG/1 5 , 0 ) ;  PR I NT(OKDATA, 1 5 , 0 > ? SPACE <15> 
' I F '  OKPROGaOKDATA ' T-H E N '
URITETEXTC' ( ' DATA%OK'( '  C’ ) ' ' ) ' )  ' ELSE'
'BEGIN 1 WRITE TEXT ( ' ( ' STOP : %DATA% I S 7. WRONG , ' ) ' ) ?
NEWLINE<2>; 'GOTO' WRONG?
' END' ?
' END'  OF PROCEDURE OK?
'PROCEDURE' MATnUL( A, 8 , C, MA/ NA, NB,  I A, J A , I B , J B , I C , J C , ADD) ?
'VALUE'  l A f JA*JB, ADD?
» BOOLEAN' ADD;
' A r r a y * A, B, C;
' INTEGER'  M A , N A , N B , I A r J A , I B , J B , I C , J C |
' BEGIN'  ' INTEGER'  I , J , K, M, N/ P »Q, R> S , 1 , U?
'REAL'  X?
M: = M A + 1A •* 1;
N! » NB+ J B« 1 ;
P • a N A + J A «1 ?
Q j « IC«I A?
R : = IB -  J A ?
' FOR'  T :«? IA ' STEP'  1 ' UNTIL'  M 'DO'
' BEGIN'  T : ~I  + Q ?
'FOR'  J : =J B ' STEP'  1 ' UNTIL'  N 'DO*
' BEGIN'  U;Bj.  + s?
X ; = 0 , 0;
' FOR' K: = J A ' STEP'  1 ' UNTIL'  P 'DO'  
X: s X* ACI / K3 * Bt K+ Rf J 3 ?
-....  .............- ... - C C T . U 3 ; - ' I F '  ADD 'THEN'  C C T # U 3 * X ' ELSE'  X
'END'
'END*
»e n d » of p rocedure  matmul;
'PROCEDURE' JOKSRI ( A, MA, NA, I A»JAf MODE) ?
•VALUE' I A , J A, MODE;
' INTEGER'  MA/ NA/ IA/ JA, MODE ?
'ARRAY' A?
' BEGIN'  ' INTEGER'  I , J , M , N , P , Q, R ?
' REAL1 XI
'SWITCH' SE LECTssNULL I FY#MAKA I # NEGATE/ABSOLUTE-,  TRANSPOSE J 
' I F '  MODE ' GE' 1 'AND'  MODE ' LE'  5 'THEN'
' BEGIN'  M; “ MA+I A*1J 
Ns s NA+JA- 11  
p : ~ j a « i a ;
q • a M + p ;
’ FOR’ I j - 1 A ' S TEP1 1 'UNTIL* M 1 DOf 
• BEGI N1 ’ GOTO’ SELECT[MODEJ?
NULLIFY: ’ FOR1 J : s J A ' S TEP1 1 ' UNTIL* N 'DO'  
A [ 1 , J 3 : « 0 . 0 ;
' GOTO' o u t ;
IIAKAIi 'FOR'  J : aJA 1 STEP' 1 ' UNTI L1 Q 'DO'
A CI / J 3 ; a 0 . 0 ;
A C I / I + ' P J : a 1 , 0 j  
' g o t o * o u t ;
NEGATE: 'FOR'  J j s J A  ' STEP'  1 ' UNTIL'  N 'DO'  
A C I # J 3 : Sr,A C i # J ] ;
' g o t o* o u t ;
ABSOLUTE: 'FOR'  J : a JA ' STEP' 1 ' UNTIL'  N 'DO'  
A Cl * J 3: = ABS < A T I / J 3 ) ;
'GOTO* o u t ;
TRANSPOSE: R : a l  + p;
' FOR1 J: =R+1 ' STEP'  1 ' UNTIL'  Q 'DO*
' BEGIN'  X5 - ACJ - P/ R3  ?
A C J "P / R 3 :aACI , s ! 3 ;
A C l # J 3 : a X
’ END' ;
OUT:
'END'
'END*
END' OF PROCEDURE JOKER1;
PROCEDURE' JOKER2( A, B/ MA/ NA,  I A/ J A/  IB,  JB,MQDE) J 
VALUE' I A , J A / I B , J B / MOp g ;
INTEGER' MA»NA/ l Af JA/ I B/ JB/ MODE;  'ARRAY' A/ BI
BEGIN1 • INTEGER 1 I , J K , M / N / 9 ,  Q / R r S i  
' REAL'  XI
'SWITCH' SELECTsacOPY#NE.GATEi  ABSOLUTE/ADD#
SUBTRACT/SWAP/TRANSPOSE;
• I F '  MODE 'GE'  1 'AND'  MODE »LE' 7 'THEN'
' BEGIN'  M: aMA+l A»1;
N : »NA* J A*"1 I 
p • ~ i b - i a ;
Q: « J 3«J A ;
r j s j b - i a ; 
s : ~ i b « j a ;
'FOR'  I : s IA ' STEP'  1 'UNTIL* M 'DO'
' BEGIN'  K: BI * p ;
'GOTO' SELECTCMODE3;
COPY: 'FOR'  J : » J A ' STEP'  1 'UNTIL* N 'DO'
BCK, J * Q3 :« A CI / J 3 ;
* GOTO' o u t ;
NEGATE: 'FOR'  J : » J A 1 STEP1 ‘ 1 ' UNTIL'  N 'DO'
B [ K / J ♦ Q 3 ; a w A CI / J 3 #
'GOTO' o u t ;
ABSOLUTE: 1 FOR1 J : = J A 'STEP* 1 ' UNTI L1 N 'DO'
B[ K, J*Q] : »ABS<ACJ / J3> ;
'GOTO1 o u t ;
ADD: 'FOR* J : » J A ' STEP'  1 ' UNTIL'  N 'DO'
BCK, J * Q3 : « B[ K/ J + Q3 + ACJ / J 3 ;
'GOTO' o u t ;
SUBTRACT; 'FOR'  J i * J A  ' STEP'  1 ' UNTIL'  N »DO» 
( HK, J * Q3 j * BCK, J + Q3 - ACI / J 3 ?
'GOTO' o u t ;
SWAP? 'FOR'  J { = JA 1 STEP’ 1 ' UNTIL'  N 'DO*
' BEGIN'  X; aBCK, J + Q3?
E3CK/ J*Q3 : « A CI , J 3 J 
A CI / J 3 i a X
' END' ;
’ GOTO* o u t ;
TRANSPOSE: K: =I +R;
'FOR'  J • =,JA ' STEP'  1 ' UNTIL'  N 'DO'
BCJ + S # K3 j «ACI , -J3;
OUT;
 ---------- ' END* ................ -.....- ----------  — ------------
'END'
' END'  OF PROCEDURE JOKER2;
'PROCEDURE' MULTI N( A, B / MA/ NA, NB/ I A/ J A/ I B , J B/ I NA/ ADD) ;
'VALUE'  I A / J A / I B , J B , I N A / A D D ;  'BOOLEAN* 1NA/ ADD;
' INTEGER'  MA / N A / N B , I A / J A / 1 8 / JB;  'ARRAY' A/ 8 ;
' BEGIN'  ' INTEGER’ I , J / K , M , N , P , Q , R / S , T / U / V , W / Z ;  'REAL'  X;
' I F*  INA 'THEN'  ' BEGIN'  Ms«MA+IA»1;  N: « NB+ J 8 " 1 |  U l a JB 'END'  
' ELSE'  ' BEGIN'  MssNB + JB-1. ;  N i *?MA* I A-»1 ; UI =? IA ' END' ;  
r : aJA~1; 3 ; ~ I i ; T : a i » u ;  z . * sn* t ;
' BEGIN'  'ARRAY' Y [ 1 ! Z 3 ? P ! =NA +J A*1 :• Q : «I  B-J A |
' FOR' I j  a ’ IF » IMA 'THEN* IA
' ELSE'  JB ' S TEP1 1 ' UNTIL'  M 'DO* 
' BEGIN'  ' I F '  INA 'THEN'  V 5 = I ' ELSE'  Wi a I ;
•FOR'  J • =U ' STEP'  1 ' UNTI L1 N 'DO'
'BEGIN* X : a O.O? ' I F '  INA ' THEN1 Wf*J ' ELSE» Vt *?J ; 
'FOR'  K: a J A ' STEP'  1 ' UNTIL'  P ' DO1 
X ! a X*ACV/ K3*f HK*Q, W3;  Y C J ^T 3
• e n d ' ;
' I F '  INA 'THEN'
' BEGIN'  'FOR'  J : ' STEP' 1 ' ' UNTI L1 I  'DO*
A C I / R t J 3 : a  ' I F '  ADD 'THEN'  ACI / R * J 3 + YCJ3 
' ELSE'  YCJ3
'END'  ' ELSE'  'FOR'  J ; a 1  ' S TEP1 1 ' UNTIL'  I  'DO'  
B C S * J / l 3 : a  ' I F '  ADD 'THEN' BCS* J / 1 3+YCJ3 ' ELSE'  YCJ3
'END'
' END'
'END* OF PROCEDURE MULTIN;
' VALUE1 I A*JA;  ' INTEGER'  MA#NA#I A#JA, EXPONENT;
'REAL'  MANTISSA; ’ REAL' 'ARRAY' A;
' BEGIN'  ' INTEGER* I , J  r 11A r J J A r K » R ,* 'REAL'  X;
I I A : ~ i  A + MA-1 ,* , JJA: aJA + NA-1 .
X : - 1 . 0 ;  K; a 0;
'FOR'  I ; « I A 'STEP* 1 'UNTIL* XIA 'DO'
'FOR'  J : s?J A ' STEP * 1 'UNTIL* JJA »DOf 
' BEGIN'  X ; a X * A r i i J ] ;  ' I F '  XtfO.O 'THEN*
' BEGIN'  ' I F '  ABSCX) 'GE» 1 0 , 0  'THEN'
f FOR' Rj s 1  'WHILE'  A B$ ( X) ' GE1 1 0 , 0  'DO*
'BEGIN'  X*a X / 1 0 . 0 ; -  Ki b K+1 #•' ' END'I  
' I F*  A B S < X X 1 . 0  'THEN'
'FOR'  R•»1 'WHILE'  A B 8 ( X ) < 1 , 0  'DO* 
' BEGIN'  Xr = X* 1 0 f 0;  Kj aK- 1? ' E N D T
'END'
' ELSE'  'GOTO' LLJ 
' END*;
LLt MANTISSAl a X; EXPONENTjaK;
' END' OF PROCEDURE PIE;
' INTEGER'  'PROCEDURE' UNPAKI<I #N1>N2> ;
'VALUE* I # N1 , N2 ;  ' INTEGER'  I , N1 # N2 ;
UNPAKI»— ABS CI ' / '  1 0 t ( N 1 * 1 ) « ( ( i » / » 1 0 > ' / ' 1 Ot <M2»1>>*10*1  O f <N 2 - N1 >> I
'COMMENT* END OF PROCEDURE UNPAKI ,*
'PROCEDURE* PRINTA<ArMA, NA, I  A#JA/ MfFORMAT#BLOCrPAGE*TITLE#HEADING) I 
'VALUE* BLOC, PAGE;
'INTEGER'  IA/ JA*MA#NA#M, BLOC, PAGE!
' INTEGER'  'ARRAY* FORMAT? 'REAL* 'ARRAY' A;
'PROCEDURE* TITLE;  ' STRING'  HEADING,*
' BEGIN'  1 INTEGER' I / J r I O , J O , K ;
BLOCjaM + BLOCr PAGE| SM*PAGE;
'FOR'  I ; « 1  ' STEP'  1 ' UNTIL'  MA 'DO'
' BEGIN'  ' I F* I "PAGE*<I 1/ ' PAGE) + 1 1T H B N *
' BEGIN'  TITLE?
w r i t e t e x t c h e a d i n g ) ;
'END*I
' I F'  ■I*1b M* ( ( I - T )  1 /  ' M> 'THEN'
' BEGIN'  ' I F*  FORMATCO, 13#0 'THEN'
PRI NT< < 1 - 1 ) * / ' M * 1 , FORMAT!0 , 1 ] , FORMAT £ 0 # 2 3 ) ;
10: s IA + 1« 2;
' F O R '  j . » 1  'STEP* 1 ' UNTIL'  NA 'DO'
'FOR* K.ral 'STEP* 1 ' UNTIL'  M ' DO*
' I F*  J~1*K 1 LE ' MA 'THEN'  PR X NT<AC IO*K# JQ + J 3 , 
FORMAT[M*<J-1> + K#13, FORMAT[ M*<J«1>*K#23>; . -
ne wl i ne  <1> I
' END' ;  . ,
MF '  I =BLOC*( I » / »BLOC)  'THEN'  NEWLI NEO) ;
' END'  ;
'END'  OF PROCEDURE PRINTA?
'PROCEDURE' PRI NTB( A, MA, NA, I A # J A , M, FORMAT, BLOC, PAGE, TITLE, HEADING);  
'VALUE'  BLOC,PAGE;
' INTEGER' -I A , J A , MA, N A , M , BLOC, PAGE ?
' INTEGER'  'ARRAY' FORMAT,A;
' p r o c e d u r e ' t i t l e ; ' s t r i n g ' h e a d i n g ;
'BEGIN'  ' INTEGER'  I , J , I 0 , J 0 # K?
JOr *=J A - 1 ; BLOC!«M*BLOC; PAGE j «M*PAGE?
'FOR'  l ; s l  ‘ STEP'  1 ' UNTIL'  MA 'DO'
' BEGIN'  ' I F* I a PAGE* ( I ' / ' PAGE3 + 1  'THEN'
' BEGIN'  TITLE?
u r i t e t e x t ( He a d i n g ) ;
'END* ?
• I F '  1 - 1 «M* < ( I " 1 ) ' / ' M) 'THEN'
'BEGIN'  ’ IF* FORMATC0f 1 ) # 0  'THEN*
PRI NT<( I « 1 ) ' /  'M + 1 , FORMAt C0 , 1 3 , FORMATCO,23> /
I O s a l A + I - 2 ;
'FOR* J •=1 'STEP* 1 ' UNTIL'  NA 'DO'
'FOR* K:=1 'STEP* 1 ' UNTIL'  M 'DO*
' I F '  I«1+K ' LE'  MA 'THEN'  PR I NT<A[ 10 + K, J 0 + J 3 ,
FORMAT[ M*<J«1) +K, 13, FORMAT[ M*<J*1>+K#23) ;
N E W I, I N E ( 1 )  ,*
' END1 ;
' I F* I L O C *  <I 1/ 1B LOC) 'THEN' NEWLINE <1)  ?
' E N D ' ;
'END'  OF PROCEDURE PRINTS?
'PROCEDURE* SCAMUL(A, B, MA/ NA,  I A/ J A,  IB, *)B,  ALPHA) ?
'VALUE'  I A, J A,  ALPHA,4
' INTEGER'  MA, NA, I A, J A # I B , J 8 ? 'REAL'  ALPHA? 'ARRAY' A, B?
' BEGIN'  ' INTEGER'  I , J / K, M, N , P , Q ?
M:*MA+IA«1? N: a NA+ J A- 1 ? ■
p ; = i b - i a ; q :®j b » j a ;
'FOR'  I s » IA ' STEP'  1 'UNTIL* M 'DO'
' BEGIN'  K : s l + P ;
'FOR'  J j s J A ' STEP'  1 'UNTIL* N 'DO'
BCK, J+Q3: »ALPHA*ACI , J3
'END'
'END* OF PROCEDURE SCAMUL?
' PROCEDURE' BIGELEMENT<A#MA/ NA, IA, JA, ELEMENT, I , J) ?  
'VALUE'  I A , J A ?
' INTFGER'  MA, NA, I A, J A, I , J ? 'REAL'  ELEMENT? 'ARRAY* A; 
' BEGIN'  ' INTEGER* M, N r P , Q ?
Mi aMA*IA«1 ; N : ” NA*JA*1 ;
I : - 1A; J f - J A ?  ELEMENT: » 0,  Q;
'FOR'  P : a l A  ' STEP'  1 ' UNTIL'  M 'DO*
'FOR'  Q: a JA ' STEP'  1 'UNTIL* N 'DO'
• I F . '  A B S ( A C P f Q 3 ) > A B S ( E L E M E N T )  ' T H E N '
' BEGIN'  ELEMENT2*ACP, Q3? I ? BP; J 1=0 'END'
' E N D '  OF PROCEDURE B I G £ L E M E N t ;
' REAL* . ' • 'PROCEDURE1 SCALE( X, MAXI MUM) ;
’ VALUE’ X,MAXIMUM;  ’ REAL'  X,MAXIMUM?
• B E GI N* I N T E GE R *  K? ' REAL '  T?
f 8 » 1 . 0;  X ; s ABS ( X ) ;  MAXIMUM;»ABS(MAXIMUM)? 
• IF* X>MAX I MUM ’ THEN*
’ FOR’ K:»1 ’ WHILE* X>MAXI MUM ‘ DO’
•BEGIN*  T : » T / 1 0  ? X j - X / 1 0 ;  ’ END’ ?
’ I F ’ < X > 0 , 0  'AND* X<MAXI MUM/ 10)  ’ THEN’
'FOR* K : * 1  ' W H I L E ’ X <MAXIMUM/10 ’ DO*
’ BEGI N'  T : a T * 1 0 ? X : « X * 1 0 ?  ' E ND* ;
S C A L E :3 !?
•END* OF PROCEDURE SCALE?
’ PROCEDURE* INSTr I NG<A, K, N>?
’ INTEGER'  K , N ? ' I NTEGER*  ' ARRAY1 A?
' B E G I N 1 ' INTEGER'  C#C1,C2?
C 1 * 3 C O D E C ( ' £ ' ) ’ ) ;  C2 ; sCODE( ’ ( * ? » ) ' )  ? NjaO?
R1 I ' I F '  READCH//C1 ' THEN'  'GOTO* R1 ?
R-2 f C j = R E A D C H ; ' I F '  C#C2 ' THEN'
. ' B E G I N '  N' :aN + 1 ?■ ACK- 1+N)  : a C; 'GOTO'  R2 ' END' ?
' END'  OF PROCEDURE I NSTRING; -
'PROCEDURE' OUTSTRING( A, K/ N ) ?
' I NTEGER'  K / N ;  ' I NTEGER'  ' ARRAY'  A?
' BEGI N*  ' I NTEGER1 C?
' FOR'  C:«M ’ STEP'  1 ' U N T I L '  N ' DO'  PR I NTCH<A C K « 1 * C 3 >? 
' END'  OF PROCEDURE QUTSTRING?
' BEGI N*  'COMMENT'  MAIN PROGRAM VARIABLES BLOC?
' I NTEGER'  J J , J JW, J JC,  J JCC,MM#MMG|MME#W-W,DD#RR#XYZ# NN,BB.# 
PPLI NE, PPTAPE# AXISYMMETRY#
NJ , NB, NN1, NM#
* J 0 , J 1  , J 2#J 12 # M0 # M1 , MJ 1 , MJ 2 # P l # - PS1 #
J, M#W#N#N1, I , P ,
K#K1 , K2 # K3 , K4 ;
' REAL '  EBfGG/NOD,
A#L#-I  X / I Y , I Z # X ' # Y # Z #  ALPHA# ZERO#
 ............ T , T1 , T2 , T3 , ! 4  ? - ..... - ...............   — .....-----........... -.. ......   -  -
' BOOLEAN'  B , B1 , 82 ; B3 , B4 / S I NGULAR#MAGNET ICTAPE?
' SWITCH* Ll .A?a RESTART. ,sTOP?
' I NTEGER*  'ARRAY* STRINGE1 i 1 203 , SYMMETRYC0 i 33? 
'PROCEDURE'  T I T  L E I ?
' B EGI N '  NEULI NEC2)? PAPERTHROW;
OUT STRI NGCSTRI NG/ I , PS1 ) ? NEWLINEC2)?
• E N D '  OF PROCEDURE Tl Tl ,E1 ?
SELECT INPUT ( 3 )  ? SELECTOUTPUT<0)?
USE< 2 0 # ' < • KAZMA»MT-455 * > ’ > ? •
RESTART:  INSTRING. (STRING#1 #PS1 ) ? T I TLE1?
■ O K < i m > ;
J J : -READ; JJWssREAO; J J C i a READ j JJCCj s r EAD;
MH : a READ J MMG:~READ,* HMEi«READ;
wwi ^ r e a d ; ■d d ! = r e a d ? r r : - r e a d ; x y z j - r e a d ; b r i s r e a d ;
AX I SYMMETRY; ^READ ?
EEI=READ; QG83READ? NODjaREAD;
OK( 2 2 2 2 ) }
NNsBDD + RR; N J : -  N N * J J J NB S «NN*8B'J
NN1! « ' I F '  RR = 0 ' THEN1 1 'ELSE* NN; NM*aNN1*MM;'
SYMMETRY C 0 ].; «S YMMETRY11 3 1*1 # SYMMETRY E 2 3 : ^2 ?
SYMMETRY[3.3 : «AXI SYMMETRY ? /
• b e g i n * • comment* mai n  program arrays  BLOC;
• INTEGER’ ’ ARRAY1 P i , P 2 10 . 2 0 ,  1 : 23 ,
JWTC1 * JJ / 1 ; WW3 f JC[1 * JJC/ 1 « NN3 f JCTC1 { J J r 1 s1)7
M J 1 J 2 n  J M M, 1 j 2 3 , M G T , M E T C1 •' MM, 1 J1 3 J •
•REAL* ' ARRAY’ JDC1 iNJ r 1 S WW3 / CD/CF.#CRC1 S r 
J WCOs J J Wr l | NN3 / J CC[ 0 : NN* J J CC/ 1 : NN3 r 
MGC0:MMG, 1;4] , MECO:MME, 1 U 3 ,
J Tf J TT, MK1 1 , M K1 2 , M K 2 1 ,  M K 2 2 C 1 : N N , 1 ! N N 3 # M T C1!  N N , 1 ; N N1 3 ;
'SWITCH* L L i a H  r L 2 # L 3 f L4 # l5 , L6 #  L 7 , L S , l9 , L1  Of L11 . Li 2 , L 1 3  » 
LLAtl  3 , LLAC2] ,
I 1 6 , L 1 7 , L 1 8 , L 1 9 , L 2 0 , L 2 1 , 1 2 2 ,  1 2 3 /  1 2 4 , 1 2 5 ,  L26 
1 2 7 , l2 8 ,  129 , l3 0 , 1.31 , 1 3 2 ,  1 3 3 , 1 - 3 4 , l 3 . 5 , L 3 6 , L 3 7  
I 3 8 , L 3 9 , L 4 0 , L 4 1 , I 4 2 , L 4 3 , L 4 4 , L 4 5 , L 4 6 , I 4 7 , L 4 8
L49;
•PROCEDURE1 FORM MEMBERS STJFFNESS MATRICES(MODE)?
* INTEGER' MODE!
• BEGI N1 MJl i =MJ1J2CM#13J MJ2| *MJ1J2CM, 23  ,
KJ=MGTCM,13 !
K1 I® U N p A KI .(K , 1 , 3 )  J K3 | a  UNPAKI ( K, 4 , 6 )  ;
T1 : » S I GN( K> * < 1 IF* K3 U 0 'THEN'  1 / K3  ' ELSE'  1 ) ;  
K: «MET[ M, 13 ;
K2: aUNPAKI( K, 1 , 3 ) ;  K4 i aUNPAKI( K, 4 , 6 )  ;
T 2 : s ' I F '  K4 # 0  'THEN'  1 / K4  ' ELSE'  1;
X : ST1*M0 ( 0 , 1 3*MG(K1, 1 3 ;
• Y ! a T1 * M G ( 0 , 2 3 * M G ( K1 , 2 3 ;
Z j b t 1 * mGC0, 33*MGCK1, 3 ] ;
ALPHA j aTl*MG CO, 43  *MGC K1, 4 ) ;
A! =T2*MEC0, 1 ] *Me CK2 , 1 3 J 
IX ; 3 T 2 * M E C 0 f 2 3 * M E ( K2, 2 3;
IY ; «T2*ME C 0 , 33 *ME'C K2, 33 ,*
I Z: . aT2*MECO, 33*ME( K2, 4)  ?
MK(DD, r r , XY2 , X, Y, Z, ALPH A , E E* A * GG* IX , EEM Y , EE* I Z #
M T , M K11 , M K1 2 , M K 21 , M K 2 2 , M 0 D E ) ?
'END* OF PROCEDURE-FORM MEMBERS STIFFNESS MATRICES;
’ PROCEDURE* READ1( A, J ) J  
* I NTEGER' . 'ARRAY*. A? ' INTEGER* J;
’ BEGIN* ' INTEGER* A I , A I I , DELTA, K, N, R, N1 , PJ 
Nj s READ;
0UTSTRING( STRING, 1 , PS1 ) J NEWLINE(2)J
WRITETEXK 1 C’ READ1%%COLUHN!* ) * > } PR I NT( J # 3 , 0 ) ; PR I NT( N, 1 0 , 0 ) ?  
NEWLINE<2> ;
• FOR.'. NT : =1 'STEP* 1 ' UNTIL'  N 'DO*
'BEGIN* K: - READj a I : ^ R E A D ; A I I i =READ;DELTAs s READJ
'FOR* Pr &K, AI f AUr DELTA *00* PR I NT ( P 9 , 0  ) ? NE Wl I NE < 2 > 
. 'FOR* R j aA I ' STEP'  DELTA ' UNTI L' AI I  'DO* A C R r J 3 I =? K;
' END' ;
’ END' OF PROCEDURE READ1
'PROCEDURE* READ2( A#J) ;
' I N T E G E R *  'ARRAY* A; ' INTEGER'*??
' B E G I N *  ' INTEGER* Nr Kr M, R, Nl , Ml ;
Nj s READ?
OUTSTRJNG<STRI NG, 1, PS1)? NEWLINg<2>?
WRITETEXK ' ( ' RE A D 2 %%COL UMNi ' ) * ) ; P R I N T ( J f 3 f 0 ) ; P R l N T ( N# 1 0 f 0 ) ;  
■NEULINE<2);
'FOR* N'ljs' l  'STEP* 1 ' UNTIL'  N 'DO*
'BEGIN* Kj s READIMj b r EAD;
P R I N T ( K , 9 , 0 ) ; PRI NT( M, 9 r 0 ) ; n e w l i n e ( 1 ) ?
'FOR'  M1j«1 'STEP* 1 ' UNTIL'  H 'DO*
' BEGIN'  Rj a READf P RI NT( R, 9 f O) ; ACR, J l l » K?  'END*?
  -  — NEWLI NEC2) ;  - ------------ --------- -------  --------- - .......................
' END' ?
'END'  OF PROCEDURE READ2?
'PROCEDURE' READ3 < A * J )?
' INTEGER'  'ARRAY' A? ' INTEGER'  J;
' BEGIN'  ' INTEGER* N, KrR, N1 , A I , A II  ?
A I : a 1 ? N : « R E A D;
0UTS TRI NG( S TRI NG, 1 , PS1 > ?NEWLI NE( 2) ?
WRI TETEXK* ( ' READ3XXCOLUMNs' ) ' > 1  PR I NT( J , 3 , 0 ) ; PR I NT<N, 1 0 , 0 > ?
NEWLINEC2) ;
'FOR* N1: =1 'STEP* 1 ' UNTIL'  N 'DO'
'BEGIN* K: «READ; AII  SPREAD;
P R l N T ( K , 9 f 0 ) ; p R I N  T C A 1 1 , 9 , 0 ) ; NEWLI NE( 2>?
'FOR* Rj e Al  'STEP* 1 ' UNTIL'  A l l  'DO'  A C R r J 3:  = K ?
AI: aA11 *1;
'END'  ;
'END'  OF PROCEDURE R E A D 3»
L1s I NS TRI NG( STRI NG, 1 , PS 1 ) ;  TITLE1?
L 2 : K:=READ; OK<1000*K) J 'GOTO' LLCK3
L3 : READ R ( J M , 0 , J J U , 1 , N H ) {  0 K< 3 3 3 3 ) »  'GOTO1 12;
LA; 'FOR'  W; S 1 ' STEP'  1 ' UNTIL'  WW 'DO'
READ I ( J U T , 1 , J J , w , W ) ; OKCA444) ;  'GOTO' L2J
L 5: READ t < j c , 1  , NN) f  OK( 5555>;  'GOTO' L2;
L6: READ R ( J C C , 1 , N N * J J C C , 1 , N N ) ; 0 K ( 6 6 6 6 > ;  'GOTO' L2I
L7 r READ I ( J CTr l  , J J « 1 < 1 ) : 0 K( 7 7 7 ? > J  'GOTO' L2l
L3; READ I < It J 1J 2 , 1 , HH, 1 , 3)  ! 0 K( 8 8 8 8 > ;  'GOTO' L2;
L9: READ R (MG»0, MMG> 1 , 4 ) ;  OK( 9999>;  'GOTO' L2J
L10I  READ I (Mf.T»1 ,MM,1 ,1.) ; OK( 1 0 1 0 1 0 > ;  'GOTO' L2;
Liu READ R (ME ( 0 f MME 1 1 < A) ; OK<1-11111)  I 'GOTO' L2j
L12 l READ I CHET, 1 , MM, 1 , 1 ) !  OK( 1 2 1 2 1 2 ) J  'GOTO' L2f
L16:  'FOR'  W: = 1 ' STEP'  1 ' UNTIL'  WW 'DO'
READ 1 (JWT, W){  0 K O 6 1 6 1 6 U  'GOTO' L2I
LI 7 i READ 1 ( J C T , 1 > ;  0 K< 1 7 1 7 1 7 > ;  'GOTO' L2l
L1 8 1 READ 1 < MGT, 1 > ;  OK( 181818>J  'GOTO' L2I
L 1 9 ; READ 1 ( MET, 1>;  0 K ( 1 9 1 9 1 9 ) J  'GOTO' L2;
L20:  'FOR'  W < =1 ' STEP'  1 ' UNTIL'  WW 'DO'
READ 2 ( JWT, WU OKC202020) I  'GOTO' L2l
L21!  READ 2 ( J C T, 1> ; OK( 2 1 2 1 2 1 >»  'GOTO' L2 J
L22:  READ 2 ( I1G T, 1 > f OK( 2 2 2 2 2 2 ) I  'GOTO' L2l
OK( 232323>J  'GOTO' L2;
1 ' UNTIL'  WW 'DO'
OK( 2 4 2 4 2 4 ) I 'GOTO' L2;
OK( 2 S2 5 2 S>;  'GOTO' L2l
O K ( 2 6 2 6 2 6 ) » 'GOTO' L2;
L27:  READ 3 ( MET, 1>;  OK( 2 7 2 7 2 7 ) , ’ 'GOTO' 12
L28:  PPLINE;SREAD;PPTAPESPREAD;MAGNET ICTAPEj b Re ADBOOLEANI
O K ( 2 8 2 8 2 8 U  'GOTO' L2
(.29 j DATASKIP < 2 0 ) ; WRITE BINARY< 2 0 , JW , ' ( ' 3 ) ) ; 0 K < 2 9 2 9 2 9 )  ? ' GOTO L2;
130 s DATASKIPC2Q) ; WRl TEBt NARY<20, JC , » < *3 ) ) ; O K ( 3 0 3 0 3 0 ) ; 1GOTO 42;
131 j DATASKIP<2 0 ) ;WRITEBINARY<2Q, JCC , * < ' 3 ) ) ; ok < 3 1 3 1 3 1 ) ; 1GOTO 12;
132 • DATASKIP< 2 0 ) ; WRITEBINARv<20rJWT , ' < » 3 > ) ?OK(3 2 3 2 3 2 )  I 1GOTO 1 2 ;
133: DATASKIP< 2 0 ) ; WRITEBINARv( 2 0 , JCT , 1 ( f 3 ) > ?QK( 3 3 3 3 3 3 )  ! 1GOTO 12;
1 34 : DATASKI P<20) ; WRITE8 1NARY( 2 0 , MJ1 J 2 , « < *3 > ) ; 0 K < 3 4 3 4 3 4 > ;» GOTO 12;
135 * DATASKIP( 2 0 ) ; WRITE BINARY< 2 0 , MG , 1 < 1 3 ) ) ; 0 K < 3 5 3 5 3 5 > ; ' GOTO 12;
136* DATASKIP<20) ; WRITEBINARY( 20, MGT # ' < ' 3 > ) ; OK < 3 6 3 6 3 6 ) ; 1GOTO 12;
( . 371 DATA'SKIP<20) ;WRITEBI NARY( 2 0 , ME i »<»3 ) ) r OK( 3 7 3 7 3 7 ) ? 1GOTO 12;
138; DATASKIP( 2 0 ) ; WRITEBINARY< 2 0 , MET , 1 <»3 > ) ? 0 K< 3 8 3 8 3 8 )  ; *GOTO 12;
L 3 9 ! READBINARY< 2 0 , jw , « < f 3 ) ) ; OK( 3 9 3 9 3 9 ) ; ■ GOTO L2;
( .40: READBINARYC20, JC , * < 1 3 ) ) ; OK<404040) , ;  1GOTO L2;
141 ! READBINARY<20, JCC , ' ( *3 ) ) ? 0 K ( 4 1 4 1 4 1 ) ? ‘ GOTO 12;
142: READBINARY<20rJWT , * < »3 > ) ; OKC4 2 4 2 4 2 ) ; 1GOTO 12;
(.43.» READBINARY<20, JCT , 1 < ' 3 ) ) ; OK < 4 3 4 3 4 3 ) ; 1GOTO L2;
144: R'EADBINARY(20#MJ1 J2# . ( «3 ) ) ; OK < 4 4 4 4 4 4 )  ; »GOTO 12;
145: READBINA.RV(20f  MG / » (* 3 > ) ? OK < 4 5 4 5 4 5 ) ;  1GOTO 12;
146» READBINARY(20, MGT , «<»5 ) ) ; 0 K < 4 6 4 6 4 6 ) I ' GOTO 12?
1 4 7 . READB!NARY(2Q,ME , * < 1 3 ) ) ? 0 K < 4 7 4 7 4 7 > ;» GOTO L2;
148 • READBINARY(20fMET , » < *3 > ) ; 0 K < 4 8 4 8 4 8 ) ; 1GOTO 12?
149 : K1 : = R E A D ; SKI P<20 , K1  > ? OK < 4949  4 9 ) /  ‘ GOTO ' L2
1 1 3 !  WRITETEXT<1 C' END-OF-READING* DATA. ' ) ' ) ?
L23:  READ 2 ( HET, 1 >;  
L2AI ' F O R '  W;=1 ' STEP'  
READ 3 (JWTiW)J 
L 2 5 ; READ 3 ( J C T , 1 ) ;  
L26i  READ 3 ( HGT, 1>;
’ B E G I N 1 ' C O M M E N T '  P R I N T  DATA?
« PROCEDURE ’ T I T L E 4 ;
' B E G I N *  N E W L I N e U ) ;  0 U T S T R I N G < S T R I N G # 1 , P S 1 > ;  N E W 1 1 N E < 2 > ;
' E N D '  OF PROCEDURE T I T L E 4?
T I T L E 4 ;
W R I T E T E X T  ( '  ( '  %%'/♦ J J %%%%.} J U%%X% J J C%%% J J CC 
X % % % % M M % % % % I) M G % % % % M M E 1 < ' 2C ' )  1 ' )  1 ) ;
' F O R '  K s « J J / J J W r J J C / J J C C r MM # MMG r MM E ' D O 1 PR I  N T ( K , 4 # 0 ) ?
WRITETEXTC' < 1 ' ( » 4 C» ) '% % % WW% % % % % D D % % % % %R R % % % %
XYZX%%%XBBr/ . P P H N E % P P T A P E % A X I S Y M M B T R Y % % M A G N E T | C T A P E  1 ( ' 2 C '
' F O R '  K : o g w , D D / R R r X Y 2 » B B - # P P L l N E f P P T A P E f A X l S Y M M E T R Y  ' D O 1
p r i n t < k , a , o ) ; '■ WR I T E B OO L E A N . C ' MA GN E T I CT A P E )  J
W R I T E T E X T ( ' ( ' ' < ' 4 C 1 2 S ' ) ' E E 1 C 1 1 5 S ' > 1G G » ( * 1  4 S 1 ) ' NOD*  < * 2 0 *  > » * ) 1 > ?
• ' F O R  T i f lEO / GG ,-NOD ' D O '  PR I NT < T r 0 , 8 )  } NEW.LI  Ng < 2 ) 1
P I  CO, 1 3 ! « P i C O , 2 3 : = p 2 C 0 r 1 3 : s P 2 t O , 2 3  ! - 0 ;
' F O R '  P : » 1  ’ S T E P 1 1 ' U N T I L '  2 0  ' D O '
'BEGIN'  PI C P /1 3 ? a 7 ? P1 CP, 2 ]  ja'O? -P2CP»1 3 P2CP, 2 3 i *6? 1 END 1 ;
P.RINTA<JW, JJW + 1 r N N / 0 # 1 /1 , P2r J JW*1/.,.f JW + 1 , TI T Lg 4 , ' ( 1 J W 1 < * 2 C ' ) ' 1 ) 1 >
' FOR ' ■ W ; ' STEP'  1 ' UNTIL'  WW' pO'
P R I N T B ( J W T » J J r 1  , W r 1 0 , P l  , 5 ,  J J  , m i E 4  / '  < ' J WT  1 ( ' 2 C 1 ) '  1 ) 1 > I
P R I N T B C J C ,  J J C / N N / 1  , 1  , 1  , P1 , 5 ,  J J C , T U L E  4 ,  1 ( ' J C '  ( ' 2 C '  > 1 ' )  1 ) t
■ P R I N T A < J G C . N N * J J C C # N N * 1 / 1 # 1 » P 2 # N N f N N * J J C C f T l T U E 4 r  
' < « J C C ' ( ' 2 C 1 ) "  ) ' ) ;
P R I N T B C J C T ,  J J  , 1  , 1  , 1  , 1 0 ,  PI  , 5 , J J , T m e 4 ,  » ( '  J C T *  < * 2 C  ) 1 ' )  1 ) ?
T I T  EE 4 ;  W R I T E T R X T < ' ( » M j 1 J  2 ' < * 2 C ' > ' ' ) ' ) ;
' F O R '  M ; o 1 ’ S T E P '  1 ' U N T I L '  MM ' D O '  ' F O R '  K l ? * 1 , 2  ' D O '
P R I N T ( M J 1 J P C M f K I / 3  r 0 ) ;
PRINTA<MG/MMG + 1 / 4 , 0 / 1 , 1 , P2 , MMG + 1 , MMG + 1 , T I T L E 4 , ' ( 1 MG' ( ' 2 C1) ' ' > 1)? 
PRl NTB(MQT, MMf  1 r 1 ,1 ,1 0 , P1 / 5 i MM, T I U  E 4,  ' < 1 MG T « <'  2 C ' > ' ' > ' > f
PRINTA(ME/MME + 1 r 4 , 0 , 1 , 1 , P2  , MME + 1 , MME + 1 , TIT LE4, ' < ' ME' (  ' 2C 1 ) ' ' )  1 ) #
PRIWTB<MRT,MMr1 , 1 , 1 , 1 Q r P1 , 5 , MM, T I T I. E 4 , ' ( ' MET'  < ' 2 C ' > * ' )  ' ) f
NEWLINE( 2 )  I
W R I T E T E X T C ( 1 E N D - O F - P R I N T I N G - D A T A .  ' < ' 2 C '  ) "  > 1 ) i  
' E N D '  OF P R I N T I N G  DATA?
' B E G I N '  ' C O M M E N T '  F ORMI NG C O E F F I C I E N T S  AND S O L V I N G
d i s p l a c e m e n t s ;
' P R O C E D U R E '  NON CONFORMABLE J O I N T S  TRANS FORMAT I  O N ( TO FRAME 
S Y S T E M ) ;
' B O O L E A N '  TO FRAME S Y S T E M ;
' B E G I N '  ' F O R '  J . = 1  ' S T E P '  1 ' U N T I L '  J J  ' D O '
' I F '  U N P A K I ( J C T [ J #13  , 5 , 6 )  » 0 ' T H E N '
' B E G I N '  K1 : n U N P A K I ( J C T C J / 1 3 # 5 f 6 > ;  J 2 I a N N *  < K 1 « 1 ) + 1 ;
J 1 ; « N N * < J - 1 ) + 1 ;
J OKER 2 < J C C , J T , N N , N N ,  J 2 , 1  , 1  , 1  , 1 )  ,*
» I F » TO FRAME SYSTEM ' THEN '
M U L T I N < J T , J D i N N , N N , U W , 1 , 1 * J 1  r 1 F A 1$ E ' # ' F A L S E  
' E L S E '
• b e g i n '
J OK E R 2 C J T ,  J T T , N N , N N , 1 , 1 , 1  , 1  , 7 )?
M U L T I N C J T T ,  J D , N N , N N , W W , 1  , 1 , J 1  , 1  , 1 FA US E 1 # 1 F A L S E *  > ? 
' E N D *  ;
’ E N D ’ ?
1 E N D f OF PROCEDURE NON CONFORMABLE J O I N T S  T R A N S F O R M A T I O N ? '
’ COMME NT ’ FORMI NG LOAD C O E F F I C I E N T S ;
J OKER1  < J D r N J f W W # 1 r 1 » 1 ) ;
’ FOR '  J ««1 ’ S T E P *  1 ’ U N T I L ’ J J  ’ DQ»
’ B E G I N ’ T * « 1 / S Y M M E T R Y C U N P A K I C J C T C J / 1 3 , 7 f 7 ) ] J 
’ F O R ’ W: = 1  ' S T E P 1 1 ’ U N T I L ’ WW ’ D O ’
’ I F '  J W T C J r W ]  U 0 ’ T H E N ’
’ F O R ’ N : = 1  ' S T E P *  1 ’ U N T I L ’ NN ' D O *
J D t N N * ( J " 1  > + Nf  ,W3 : « T * j W ' C 0 r N 3 * J W C J W T C  J *WJ # N 3 ?
’ E N D ’ ?
WR I T E T E X T C  ’ ( 1 E N D - O F « F O R M  I N G - L O A D * C O E F F I C I  E N T S , * > '  > ? 
N E W L I N E ( 2 ) ?
' C O M M E N T '  M O D I F Y I N G  C O E F F I C I E N T S  FOR NON CONFORMABL E 
J O I N T S ?
NON CONFORMABLE J O I N T S  T RANSF ORMAT  I  O N < * F A L S E  1 > ; 
W R I T E T E X T C 1 ( ' E N D - O F - M O D I F Y I N G - C O E F F i C I E N T S - F O R «  
N O N C O N F O R M A B L E " J O I N T S ' > ’ ) ?
N E W L I  N E C 2 )  ?
P H O , 1 ] : = 5 ?  P1 C 0 # 2 3 ; = 0 ?
’ FOR' N:=1 ' STEP'  1 ’ UNTI L’ NN ’ DO' 
’ BEGIN* P 1 C N f 1 3 : » 0 ;  ' P1CN#23s »4;  ’ END'?
'COMMENT' MODIFYING COEFFICIENTS FOR CONSTRAINED 
JOINTS;
’ FOR' K 2 ; = 1 , 3  1 DO*
• FOR’ J • -1 ’ STEP* 1 ’ UNTIL'  JJ ’ DO*
’ I F ' . UNPAKI <JCTCJf i 3rK2f K2+1> # 0 ’ THEN’ .
’ FOR’ Ni =1 ’ STEP'  1 ' UNTIL'  NN ’ DO'
’ IF'  J CCUNPAKI CJCTU, 13 , K2#K2+ 1 > # N 3 B N ■ 'THEN'  
' BEGIN'  J 1 : a NN* CJ - 1 ) + Nj  J 2 ; «NN*<J * 1 ) +1?
JOKER 1 < J Df 1 , WWr J 1 , ' l , 1 ) ?
'END* ?
NEWLINEC2)?
WRITETEXTC1 C' END-OF-MODIFYING*COEFFICXENTS-FOR*  
COMSTRAINED- JOINTS. ' > ' )  ?
’ BEGIN* 'COMMENT’ TRIANGULAR?
'INTEGER* NB2rCf R, R1 ,Q.-Q1 #Q2*Q12# BSK # NBJ ?
•INTEGER'  'ARRAY' SQC1;NB3?
'REAL'  'ARRAY' SKC1 : CNB*NB*NB> '/.■ 23 # SWC1 I NB # 1 : WW3 #
PIVOTS C1 : N J , 1 j1 ] ,
• SR/  SR1E2 s NB3 , WR,Wp 1 C 1 s WW3 ;
W O R K S T O R E ( 1 , 1 ( ' E D 1 ) 1 , N J * ( N B ~ 1 ) ) ?
N S 2 : s ( N B * N B + N B )  1 /  * 2 ;
1 FOR 1 Cr=>2 ’ STEP* 1 ’ U N T I L '  NB 1 DO ' S R1 C C 3 I $ 0  . 0 /
S Q C1 3 ! s  0 ;
’ F O R ’ K ! « 2  ’ S T E P '  1 ’ U N T I L '  NB ’ D O ’
SQCK3 s a S Q C K - 1  ] + N B « ( K « 1 ) ;
’ FOR*  K ; « 1  ’ S T E P '  1 ’ U N T I L 1 NB2 ' D O '  S K I K  3 U  0 . 0 ?
J O K E R 1 ( S W / N B f W W f 1 , 1 , 1  ) ,’
Z A i
’ F OR '  J : a 1  ’ S T E P '  1 ' U N T I L '  J J 1 D O 1
' B E G I N '  ’ COMMENT ’ FORMI NG AND P L A N T I N G  MEMBER S T I F F N E S S E S ;  
P R I N T ( J , 9 , 0 ) 7
' F O R '  H : ~  1 ’ S T E P '  1 ’ U N T I L 1 MM »f )0»
1 I F » M J 1 J 2 C M , 1 3 « J  ’ A N D ’ n E T [ M , 1 U 0  ’ T H E N ’
’ B E G I N '  FORM MEMBERS S T I F F N E S S  M A T R I C  ES < 3 ) ;
’ comment’ t r a n s f o r mi n g  membfr s t i f f n e s s  
to j o i n t  s y s t e m ;
K 1 ; rUNp a KI ( J CT CMJ 1 # 1 3 , 5 , 6 ) ?  J 1 s »NN* ( K1 *1 ) + 1 I 
K 2 : b UNPAKI<JCTCMJ2 , 1 3 . , 5 , 6 > ?  J 2 i s N N * <K 2 - 1 >+1?
• I F ’ KUO ’ THEN’
' BEGI N*
J 0 KER2 ( J C C, J T , N N, NN ,  J 1 #1#1 ,1# 1)  ?
JOKER2CJT,  JTT , NN,  NN,1 ,1 ,1 ,1 , 7 )  ?
MUL l I N < J T T , MK1 1 , N N, NN , N N, 1  ,1 , 1 #  ' F ALS E' ,  ' F AL S E ' ) ;
MUL T I N( J TT , MK1 2 , NN, NN, NN, 1  ,1 , 1 , 1 #  ' F A L S E * , ' FALSE*  ) ? 
MULTI NCMK1U J T , NN , NN , NN , 1 , 1 , U 1  , ’ TRUE’ , ' F A L S E ' ) ?  
' E N D ' ;
' I F '  K2#0 'THEN*
’ BEGI N’
JOKER2<JCC#JT#NN, NN, J  2 ,1 ,1 ,1 #1)  ;
JOKER2 CJ T , J TT , NN, NN# 1 , 1 , 1 , 1 , 7 ) ?
MULTI N<JTT, MK22, NN, NN, NN, 1 , 1 , 1 , 1 #  1FALSE ' , ' FALSE ’ > ; 
MULTINCMK12, JT, NN, NN, NN, 1 ,1 ,1 ,1 , ' TRUE' ,  ' F ALS E' ) ?  
MULTI N( MK22, JT, NN , NN , NN , 1 , 1 , 1 , 1 ,  ’ TRUE' ,  ' FALSE1)?
' END' ?
> 'COMMENT'  MODIFYING MEMBER STIFFNESS FOR■CONSTRAINTS?
ZB 1
' FOR ’ K J S1 , 3  ' DO *
' BEGI N '
K1 j a UNP AK l ( J CT CMJ 1 , 1 ) , K , K * 1 )?
K2; «UNPAKKJCT[ MJ2M J , K, K+ 1 > ;
' I F '  K U O  ' THEN'
' FOR'  N l - 1  'STEP-1 1 ' U N T I L '  NN ' DO'
' I F '  JCCK1, N3- N 'THEN'
' BEGIN'
'FOR'  C! 5 1 'STEP* 1 ' UNTIL'  NN 'DO'  
MK1UC, N3 ; =MK1UN, C3 : =MK12[ N, C]  j » 0 . 0 ;
MK11C N , N 3 ; S 1 . 0 ?
’ E N D ’ ;
' I F '  K2 ' #0 1 THEN 1
• ' F O R 1 N 1 =1 1 ST EP 1 1 1 .U N T 1 1 1 NN ’ DO*
1 I F '  J C C K 2 # N 3 » N  ' T H E N *
' B E G I N '
' F O R *  C : - 1  ' S T E P '  1 ' U N T I L '  NN » D O f 
M K 2 2 C C , N 3 : = M K H 2 C N , C ] j » M K 1 2 C C # N 3 i ® 0 . 0 ;  
M K 2 2 C N , N 3 : 3 1 , 0 ?
' E N D 1 ;
' E N D ' ;
ZC I
ZD i
I B  i
I B i 
ZG j
' c o m m e n t ' p l a n t i n g  m e m b e r  s t i f f n e s s e s ;
J 1 : 3 1;  J 2 s a -N N *  < M J 2 -  J > * 1 ;
' F O R '  ■ R i *51 ’ S T E P '  1 ' UNTIL'  NN »DO»
' BEGIN'  Q1 :*»SQCJ1«1+R3 + J1"1 ;
Q 2 : b Sq CJ2.-1 + R3 * J 2 - 1  ;
Q1 2 ; « S QC J 1 - 1 + r 3 * J 2 « 1 ?
' F O R '  C i « R  'STEP* 1 ' UNTI L1 NN 'DO'  
' BEGIN'
SKCQ1 + C3:*SKCQ1+C3*MK11C R # C 3 J 
SKCQ2*C3:aSKCQ2*C3+MK22CRrC3;
' E N D ' ;
• F O R '  C«~1 ' S T E P '  1 'UNTIL* NN 'DO'  
SKCQ12 + C3 :=SKCQ12 + C3+MK12CR, C3;
' E N D ' ;
'END'  OF FORMING AND PLANTING MEMBER STI FFNESSES i
'COMMENT' PLANTING LOAD COEFFICIENTS;  
J1 j **n n *< J- 1  ) + 1 ?
JOKER2(JD, SW, NN/ WW»J. 1>1 / 1 , 1 / 4 ) ;
' C O M M E N T '  FORWARD E L I M I N A T I O N ;  •  -
N B J j a ' I F '  J J -* J < 8 8 - 1  ' T H E N '  N . N * < J J - J * 1 >  ' E L S E '  NBJ 
' F O R '  N ; a 1 ' S T E P 1 1 ' U N T I L '  NN ' D O '
' BEGI N' K : b NBJ + 1~N;
P I V 0 T S C N W ^ < J - 1 > + N , 13 
T1 : «1 /  S K C1 ] ;
' F O R *  C ! a 2 ' S T E P '  1 ' U N T I L '  K ' D O *
' B E G I N '  S R [ C 3 ;  a S K C C ] ;  S R 1 t C 3 : a T 1 * S R C C 3 » E N D ' J
' F O R '  W i «1 ' S T E P '  1 ' U N T I L '  WW ' D O *
' B E G I N '  WRCu ]  j a S W M  , W ]  ; WR1 [ W3  s * T 1  * WRCW]  ' E N D ' ;  
' C O M M E N T '  STORE SRI  AND WR11 
J1 : » N N * <  J - 1  ) + N , ‘
B S K : a ( N B - 1 > * < J l « 1 ) * 1 J  
PUT ARRAY ( 1 f BS K r S R1 )  #'
ZHi
z u
’ FOR*  W! « 1  ' S T E P *  1 • U N T I L *  WW * D 0 f 
J D L J 1 , W 3 : - W r 1
’ F O R 1 R j 3 2 ’ S T E P *  1 ’ U N T I L *  K * D0«
’ B E G I N *  T ! * T 1 * S R C R 3 ?
R1 j s R •» 1 ? Q ; E S Q [  R 3 ; Q1 ; 3 $0  CR1 3 #
* FOR * C : S R * S T E P ’ 1 ’ U N T I L *  K ' D O *
S K C Q 1 + C 3 : s S K C Q ^ C ] « T * S R C C 3 I  
1 FOR 1 W: - 1  ' S T E P '  1 ' U N T I L *  WW f DO * 
SWCR1 #W3 : - * S Wr R , W3 » T * WR C . W3 I
’ E N D 1 I
' F O R *  R • 5 1 ’ S T E P *  1 ’ U N T I L *  K ' D O *
SKCSQCr 3* K3 * = o , o ;
' F O R *  W * =1 1 STEP * 1 ' U N T I L *  WW ’ DO*
S W C K r W ] 1 = 0 . 0 ;
’ E N D 1 ;
' E N D * ;
WRITETEXT C' ( ' ' (  ' 2C1 ) ' EkjD%OF% FOrWARDXE LI Ml NATION * ) ' ) ? 
P I E< P I VOTS , NJ , ' W1 , 1 , T# K) ?
WRITETEXTC' C "  ( ' 4 C*)* ST IFFNESS%MATRIX%DETERMINANT %=*>' )  J 
P Rl N T ( T f 2 # 9 ) ; P R I N T ( K, 1 0 # 0 ) ; NE WL I N E < 2 > ?
’ F OR '  J ; « J J ' S T E P *  - 1  ’ U N T I L '  1 * D 0 »
• B E G I N ’ ’ COMMENT ’ BACWARD S U B S T I T U T I O N ?
N B J i 3 ' I F *  J J « J <  BB«1 ' T H E N *  N N * < J J - J  + 1> ' E L S E *  NB?
' F O R ’ N : = N N  ’ S T E P ’ - 1  ' U N T I L '  1 ' D O *
' B E G I N '
Kj-'NBJ + I -  Nr
' COMMENT *  B R I N G  FROM STORE SR1 AND WR 1 ?
J 1 : 3 N N * ( J - 1 > + n ;
B S K i - C N B - 1 ) + 1 ?
GET ARRAY( 1 r B s Kr S Rl ) ;
• F OR*  W 3 =1 ' S T E P *  1 ' U N T I L '  WW ' D O *
WR1 CW3 : * sJ D E J 1
' FOR* W s =1 ' STEP'  1 ' U N T I L '  WW ’ DO'
' BEGI N '  T : = W R1 C W 3 ?
' FOR'  C ; - K  ' STEP '  *1 ' U NT I L *  2 ’ DO'  
'BEGIN* SW[ C, WJ l «SWCC"1rW3?
Ti «T- SR1CC3* SWCC, W3?
' E N D ' ?
SWH ,W3 i=WRl CW3 s a T ?
' END' ?
'COMMENT'  STORE WR1 AS DISPLACEMENT RESULTS? 
: 3 N N * U - 1 ) + N ?
' FOR'  W: a 1 ' STEP'  1 ' U N T I L '  WW »D0'
J D U 1  #W3 jaWRl  CW3 ?
' END'  ;
' E N D ' ;
WRITETEXTC• (  "  ( ' 2 C' ) ' ENDXOFXBACWARDXSUBSTITUTION ' )  ' ) ?
FREESTORE
' END'  i
W R I T E T E X T C C ' ' < f 2 C ' > ' E N D " 0 F - T R I  A N G U L A R , ' )  ' ) ;
' C O M M E N T '  M O D I F Y I N G  D I S P L A C E M E N T S  FOR NONCONFORMABLE 
J O I N T S ;
NON CONFORMABLE J O I N T S  TRANS FORMAT I  O N < ' TRUE 1 ) /
n e w l i n e < 2 ) ;
WRITETEXK ' ( 1 EN D~Q F-MQD I F YI N-G* DI S P LAC EMENTS-FOR« 
NONCONFORMABL E - JO I  NTS »> ») ?
N E W L I N E C 2 ) ?
' E N D '  FOR FORMI NG C O E F F I C I E N T S  AND S O L V I N G  D I S P L A C E M E N T S ?
Z K |
' BEGIN'  ' REAL1 'ARRAY' JFC1 t NJ , 1 ; WW3 , MFKMF2C1 i NM, 1 tWW3?
'COMMENT* f ormi ng MEMBER f orces  and e q u i l i b r i u m  check 
... - ______ -   J 0 K E R1 ( J F # N J / WW # 1 f 1 »1)  J ..........
JOKERV<MF1#NMrWWf 1 r 1 r D  ;
JOKER1<MF2, NM, WW, 1 , 1 , 1 ) ;
'FOR.' -Mi«1 ' STEP'  1 ' UNTIL'  MM 'DO'
' I F '  METCMr13 # 0 ' THEN'
' BEGIN'  FORM MEMBERS ST I FFNESS MATRICES<2) ?'
Ml I =Nn1 * ( M- 1 ) +1?
J1 S0NN*<MJ1- 1)  + 1 ■■J2i h NN*( MJ2"1) +1 ;
MATMUKMK1K JDrMFI f NN1/ NN, WW/ 1 r K  J1 , 1 #M1 
' TRUE' ) ?
MATMUl ( MK12, JD, MF1#NN1, NN, WW, 1 ,1 , J 2 , 1  ,M1 , 1 # 
' TRUE' ) ?
MATMUL ( MK21 r J D , M F 2 , NNK NN / WW * 1 * K  J K  Ml , 1 , 
' TRUE' ) ;
HATMULCMK22, JD, MF2, NN1, NN, WW, 1, 1 , J 2 , 1 , M1  , 1 , 
'TRUE »)?
MAT'MUL<MT#MF1 r JFfNN#NNl  #WWr1 #1 rMl #1 #1r
'TRUE') '?
MATMUt(MT, MF2f JF/ NN#NN1 #WWf 1 r KMl  r1 # J2r  1 , 
' TRUE' ) ;
'COMMENT* MODIFYING FORCES FOR SYMMETRY?
' I F '  T2#1 'THEN*
' BEGIN'
SCAMULCMFKMF1 , NN 1 / WW, MKKMK1  f 1 / T 2 )  ; 
SCAMUL<MF2fMF2/ NNKWW, MTrKMl  ,1 , 1 / T 2 )  ?
'END* OF MODIFYING FORCES FOR s y mme t r y ;
' END' ?
• I F '  MAGNETICTAPE 'THEN'  .
' BEGIN'  'COMMENT' STORE RESULTS ON MAGNETIC TAPE?
DATASKI PC20) ; WRITEBI NARY( 2 0 rJD , ' < ' 3 ' ) ' ) /
DATAS KI P( 2 0 ) ; WRIIEBINARY( 2 0 , MF2 , ' < *  3 *>*>;
DATASKI PC20) ? WRITE8 INARY( 2 0 , JF , ' C 3 ' ) ' > ;
WRITETEXTC'1 ( '  RESULTS-STORED-ON"MAGNETI C"TAPE 1 > 1) /-NEWLINE <2> ? 
1 END1 OF STORING RESULTS ON MAGNETIC TAPE;
• B E G I N *  ' ' C O M M E N T '  PUNCH R E S U L T S ;
' P R O C E D U R E '  T I T L E  3 ;
' B E G I N *  ' S W I T C H *  LLC : **LC1 * LC2  , L C 3 I
* FOR ’ K : s»1 ' S T E P '  1 ' U N T I L '  1 0 0  ' D O '  WR I T E T E X T  ( 1 ( 1 1 > 1 ) I
N E W L I N E C 2 ) ;  W R I T E T E X T C » ( ' £ % % » > » ) j
0 U T S T R I N G C S T R I N G , 1  f PS1 ) ; N E W | , I N E < 2 )  ;
W R I T E T E X T C  C W = » ) ' ) ;  PR I  N T ( W , 1 f 0 )  ; N E W L I N E < 2 > ;
»GOTO 1 L L C C P L 1 ?
LC1«  W R I T E T E X T C ( ' D I S P L A C E M E N T S ' ) ' ) ;  ' G O T O '  I C E /
L C2 s  W R I T E T E X T C C F O R C E S ' ) ' ) ?  ' G O T O '  L C Z ;
L C 3 • W R I T E T E X T C  ( ' R E A C T I O N S 1 ) ' ) ;  ' G O T O '  I C 7 . I  
LCZs  W R I T E T E X T C  C' %%7 1 C 1 0 S 2 C  ;
' E N D '  OF PROCEDURE T I T L E S ;
S E L E C T 0 U T P U T . C 1 )  /
P1 1 0 , 1 3 i « P 1 C O r 2 3 ; = 0 ;
' F O R *  ■ N 8 * 1  1 S T E P ' 1 ' U N T I L '  NN »DO»
' B E G I N '  P H N f 1 ] ; = 0 ;  P H  N> 2 ]  : **9 J 1 E N D ' / •
' F O R '  P I  =1 ’ S T E P '  1 ' U N T I L '  P PT APE *DO»
' F O R '  W j ~ 1  ' S T E P '  1 ' U N T I L '  WW ' D O '
' B E G I N '
P L i -1 ; .
P R I N T A C J D r N J , 1 # 1 , W f N N r  P 1 , 5 #  N J , T I T L E 3 , » ( ' » ) » ) ;
P l : = 2 ;
PRI NTA( MF2rNM, 1, 1 , W, N N 1 , P 1 , 5  , NM , TI TLE3# » C 1) ' > ;
P L j = 3 ;
P R I N T A ( J F # N J f 1 / 1 f W » N N f P 1 f 5 » N j r T I T L E 3 , ' ( '
N E W L I N E C 1 0 0 ) ;
' E N D ' ;
' E N D *  OF P U N C HI NG R E S U L T S ;
S E ' L E C T O U T P U T C O ) ;
'COMMENT' SCALE RESULTS;
'FOR* W;*1 ' STEP'  1 ' UNTIL'  WW 'DO'
' BEGIN'  T 2 ; = 9 9 9 ;
BIGEI.EMENT(JD»NJ , 1 r 1 rW,T1 # K1 » K2) #’
CDCWT 5=T:=SCAUE<T1 ;
SCAMULCJDf JDrNJ, 1 , 1 f Wrl , WrT>?
BIGELEMENT(MF2»NMf1 f1 fW, T1 r K 1 , K 2 ) ?
CFfwj  !°TjaSCALEC. Tl  f T2)  ?
SCAMULCMF2fMF2#NMr1»1fWr1 fWfT) I
BIGELEMENTC JF, NJ ,1 ,1 ,W, T1 #K1 r K2>
CRCW] ! =TCSCALS<T1 , T2 )  ; ’
SCAMULCJ FrJF #NJ C  r 1 # Wr1 , Wr T ) ;
' END' ;
WRITETEXTC C  END-0 F- SCALI NG- RESULTS. '  C 2 C ' > "  > 1 )  J
' BEGI N1 ‘ COMMENT' PRINTING RESULTS? .
‘ PROCEDURE’ TIT L H 2 ?
‘ BEGIN* ‘ SWITCH’ LLR ; 3 LB1 / LB2, LB3, LB4?
TITLE1? ——
WRITETEXTC' ( »Wa»5 » ) ;  PR I NT<W#1 , O ) ;
WRITETEXTC ( '  %%SCALEXBY : *) ‘ ) ? PR I NT C1 /  T » 0 r 1 ) I 
NEWLINEC2)? ‘ GOTO* LLBCPL3?
LB1 ; WRITETEXTC C "  ( 1 5 S ' ) 1J ' < '  9 S ' ) ' DX’ O 1 1 S ' )  ' DY
* IF* XYZ=3 ’ THEN' WRITgTEXT( ' C ' < ' 1 1 5 ' > ' BZ 1 >»
’ GOTO' L3Z;
LB2: WRITETEXTC C”  (* S S ' C M ' C  9S 1 >'• FX • > • ">
’ GOTO* LBZ?
LB3 ; WRITETEXTC ( " (  » 5 S 1 > 1 J » C * 9$ *) » RX ’ <»11 S ’ ) * RY
'■IF* XYZ* 3  ’ THEN' WRITETEXT< ' C » ( »1 1 S *> ' RZ ' > '
’ GOTO’ LBZ;
LB4 • WRITETEXTC'( 'DZXBOTTOMXLAYERXJOINTS,
' GOTO1 LBZ? -
LBZ; NEWLINEC2)?
' END' OF PROCEDURE TITLE3?
PI CO, 13 ; - 5 ?  P 1 [ 0 , 2 3 ; “ 0?
‘ FOR’ N! = 1 ’ STEP’ 1 ’ UNTIL’ NN 'DO*
• BEGI N’ - P . UNf 1 J s a 6 j  P1 t N r 2 1 : 3 3 ? ' END' ?
‘ FOR’ P; =1 ’ STEP’ 1 ’ UNTIL* PPLINE ’ DO*
‘ FOR’ W; - I  ’ STEP'  1 ’ UNTI L’ WW ’ DO*
' B E G I N '
TsaCDCW] ? PL ; - 1?
PRINTACJDrNJ, 1 # 1 , W, NN, P 1 , 5 , 3 5  r TIT LE2 r ' C  * ) * ) ?  
WRITETEXTC' ( ” < * C ' )'*%%*%%* ' ( ' 2 C ' ) “ >*>?
T:=CFCW3; Pl :**Z|
P RI NTA( MF2 » NM# 1 / 1 # W, NN1 , P1 , 5 , 3 5 # TI TLE2 C < 1 1> 1> JV 
WRITETEXTC' < "  C' C* 3 ’ *%%*%%* ' < ' 2C ' )» ' )  ‘ >;
T s a C R[ W]? PL; s 3?
PRINTACJF/ NJ , 1 11 r Wi N N f P 1 / 5 r 3 5 f T I T L E 2 , ' < 1 ' ) 1 ) J 
WRITETEXTC-( ”  Cf C ' ) ’ *%%*%%* 2C • > “ ■>• >■;
'END* ?
'END'  OF PRINTING RESULTS?
'END'  FOR FORCES AND■ EQUILIBRIUM BLOC?
PAPERTHROW?
' K j s READ? ' G O T O '  L L C K 3 ?
' E N D '  FOR M A I N  PROGRAM ARRAYS BLOC?
S T O P ;
‘ END*  FOR M A I N  PROGRAM V A R I A B L E S  BLOC?
WRONG;  N E W L I N E C 2 )  ,*
' E N D *  FOR PROCEDURES B-LOC ■ PROG RAM I V 0 7 G > ? 
' E N D ' ?
*  *  ★ ★
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The stiffness method of analysis considering an 
assembly of members as a structural element
A . G. D R Y M IO TIS & N . G. K AZM A
Space Structures Research Centre,
Department of Civil Engineering, University of Surrey
An application of the stiffness method of analysis is described in which an assembly o f members 
is treated as a structural element. The technique involves successive partitioning, of the stiffness 
matrix to take advantage of the large areas of zeros present. This facilitates the solution of the 
load-displacement equations for large and complex structures.
The use of the procedure is discussed in general terms and the division o f areas o f the structure 
into assemblies of members which are termed super-members is explained. Information is 
given about the important use o f the method for structures where division can be made into a 
series o f ‘identical’ super-members.
Introduction
Two main steps in the analysis of linear skeletal 
structures by the stiffness method are the con­
struction of the stiffness matrix o f the structure 
and the solution of the resulting load-displace­
ment equations. While, in the case o f large and 
complex structures, the former is still a relatively 
easy task, the latter becomes the main difficulty 
of the analysis. Several techniques have been 
developed to overcome this difficulty. They 
exploit the characteristic properties of the stiff­
ness matrix o f the structure (symmetric, sparse 
and positive definite). The technique, of which 
particulars are now given, can be described from 
the computational point o f view, as a successive 
partitioning of the stiffness matrix of the struc­
ture, so as to exploit the large areas of zeros in 
the matrix.
In  order to give physical meaning to the 
technique, the structure is divided arbitrarily 
into a number of assemblies of members, 
referred to as ‘Super-members’ (hereafter refer­
red to as S-member(s)) connected to one 
another by any number of joints. The displace­
ments of these joints are treated as the basic 
unknowns. Once these displacements are 
obtained, the detailed analysis o f each S-member 
is carried out without further reference to the 
structure as a whole.
The steps required in the technique follow 
closely those of the standard stiffness method. 
Thus, every S-member is considered independent 
o f the structure and an ‘S-member stiffness 
matrix’ is formed, relating the end-forces and 
end-displacements of the S-members. The com­
patibility and equilibrium conditions at the 
joints connecting the S-members are then 
considered, in order to construct a set o f Ioad- 
displacement equations for the complete struc­
ture. The solution of these equations gives the 
displacements of the connecting joints (i.e. the 
basic unknowns).
Except for minor modifications, the notations 
and the approach to the stiffness method
*■ A  copy o f Ref. 4 .
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adopted are those employed by R.K.Livesley [i]. 
A ll the mathematical operations are shown in 
matrix form.
Assumptions
The structures are assumed to be linear elastic 
and skeletal.
For the sake of simplicity it is furthermore 
assumed that the applied loads are acting only 
at the joints of the structure. This assumption, 
however, is not a restriction, since any system 
of loads can be replaced by an equivalent 
system which is applied only at joints and 
produces joint displacements identical with 
those due to the actual loading system.
Outline of the standard stiffness method*
The force displacement relations for a member ij 
( i < j ) of a skeletal structure can be written in the 
following general form:
(0
where P{j, du, Pji and dji are the ‘end-force’ and 
*end-displacement’ vectors at the ends /  and j
*  A  detailed account of the standard stiffness method 
of analysis can be found in reference [ i].
respectively and K 12, K 2l and K 22 are the 
‘member stiffness matrices’. Relations similar to
( i )  are written for all the members of the 
structure and all the relations are transformed 
into a general system of co-ordinates. Consider­
ing the compatibility and equilibrium conditions 
at all the joints o f the structure the following 
relation is obtained:
w = K d (2)
'Pii K i l K l2 'chi
Pji. *21 *22.
where w and d are respectively the load and 
displacement vectors of the joints o f the struc­
ture and K  is the stiffness matrix of the structure. 
M atrix K  is always symmetric and, provided 
that the structure is not a mechanism, is also 
non-singular and positive definite.
‘Super-members’ in the stiffness method 
The technique is now introduced and discussed 
in general terms, using the structure sketched in 
figure I for illustration. The structure may be 
planar or spatial with any degree o f freedom at 
the joints. The type of the-structure determines 
the order and the coefficients o f the member 
stiffness matrices K n > K 12, K 2l and K 22 only, but 
the general formulation is the same for any type 
of structure.
The structure is divided arbitrarily into
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assemblies of members. Each one of these 
assemblies is denoted by a letter (i.e. A, B , . .  ,,G ) 
and is referred to as ‘Super-member’ or simply 
S-member. Shaded areas in figure I represent 
assemblies of members. Joints at the boundaries 
(shown by dotted lines in figure i)  of the S- 
members are referred to as ‘connecting joints’. 
A ll the other joints are referred to as ‘internal 
joints’ of an S-member. Support joints are 
treated similarly. I t  must be stressed that a 
member of the structure can belong only to one 
S-member. If, for any reason, it is neccessary to 
‘cut’ a member, then a fictitious connecting 
joint is introduced at the ‘cut’. The joints are 
numbered in any sequence, but it is advanta­
geous to use one sequence for the connecting 
joints and independent sequences for the 
internal joints o f every S-member.
A  right-handed Cartesian system of co-ordi­
nates is allocated to the structure and is re­
ferred to as the ‘frame co-ordinate system’ 
(o"—T '-2 " —3" in figure 1).
Derivation o f the S-member stiffness matrix 
Every S-member is considered independently of 
the rest of the structure. Consider S-member F  
as in figure 2. The stiffness matrix o f the S- 
member can be derived without reference to 
other S-members or to the structure as a whole. 
A  right-handed Cartesian system of co-ordinates 
is allocated to the S-member F, which is referred 
to as the ‘S-member co-ordinate system’, 
(o '-T -2 '-3 ' in figure 2).
Data for S-member F  consists of information 
about the elastic properties of all the members 
that belong to F, co-ordinates of all the joints 
relative to the S-member co-ordinate system, the 
internal load vector hjF, status of the joints
(internal or connecting) and the directions of 
any prescribed displacements at the internal 
joints.
Considering the compatibility and the equil­
ibrium conditions at the joints of the S-member 
F  (these conditions are fully satisfied with 
respect to the S-member), the equilibrium 
equations of F  are written using the standard 
stiffness method. These equations are given 
below in partitioned form:
-U,F- rk F11 M **
1
- 
1
z / k F A 21 * k F : k 2 2  .
'dF'
D F
(3)
where: wF is the load vector o f the internal 
joints
L F is the force vector at the S-member 
ends
dF is the displacement vector o f the 
internal joints
D F is the displacement vector o f the 
S-member ends 
The total square matrix kF o f relation (3) is the 
‘unreduced stiffness matrix’ o f F  and obviously 
is symmetric. Relation (3) is modified to take 
account of any prescribed displacements at the 
internal joints. A  general procedure for the 
modification is given later.
k F k  F/ v  1 2  j  A . o xProperties o f the submatrices k lxFy 
and k 22F:
(i) Since k F is symmetric, then k xxF and k Z2F are 
also symmetric and k 1 2F = ( k 21F) T.
(ii) Provided that the structure is not a mech­
anism, k lxF is always non-singular. 
p r o o f : I f  the connecting joints of F  are res­
tricted along all possible directions so that
WF3
F5F2
WF6
F6
Figure 2.
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D f — o , relation (3) becomes:
(4)
Relation (4) implies that lcn F is singular, if  and 
only if, the S-member Fis  internally a mechanism 
and, consequently, the whole structure is a 
mechanism.
Reduction o f matrix JcF to the S-member stiffness 
matrix
Relation (3) is reduced to relate forces and dis­
placements at the connecting joints of F  only. 
This is obtained by eliminating vector dF\
wF= k yiFdF+ k 1 2FD F (5)
L F = k n FdF+ k 2 2FD F (6)
Premultiplying equation (5) by (fcn ^)-1 :
{k1 1F) - W = d FH k XiF) - 1k xf D F (7)
dF—(A'11F) -1irF —(k 1 1F)~1k i 2FD F (8)
Substituting dF in equation (6):
- k 2 lF(k lxF)~ 'k x FD F + k 2 2FD F (9) 
Considering that k 2 lF —(k12F) T :
L F - i k , / ) ^
F- ( k 12F)'F(k11F) - 'k 1d D F—(^22 (10)
Setting:
tiF=(Jc1%F)T(klxF)-x\vF
R F = k 2 2F - ( k 1 2* Y (k 1 1F) - 'k 12F
equation (10) becomes:
L F - w F = R FD F (11)
Matrix R  of relation (11) is the ‘S-member 
stiffness matrix’, which is always symmetric 
and independent of the internal load vector but, 
in general, is singular. Non-singular S-member 
stiffness matrices could arise when the S-member 
is sufficiently constrained internally to displace 
under a ‘rigid body (S-member) displacement’, 
(e.g. Matrices R  of S-members A, B  and D  are 
non-singular, if  the joints o f the structure are 
rigid). For S-members without internal joints or 
with all the internal joints inactive, matrix R  
is identical with matrix knn (e.g. for the S-member 
C, k 22f ) .  For S-members which contain 
only one member, R  is identical with the complete 
member stiffness matrix (e.g. for S-member E, 
Re=K12). Obviously, for the above special 
cases \v = o,
The S-member stiffness matrix R F is parti­
tioned into ‘batches’ o f rows and columns 
corresponding to the connecting joints and the 
resulting submatrices are identified by the corres­
ponding joint numbers. Vectors \vF, L F and D F 
are also partitioned into column vectors corres­
ponding to the joints. The partitioned form of 
the S-member stiffness matrix R F and vector 
of F  are shown in figure 3.
Using the partitioned form, relation (11) 
becomes:
L iF_KiF='L x i .FD jF (lIa )
i
where * and j  extend to all the connecting joints 
of S-member F.
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Figure 3.
Compatibility and equilibrium at the connecting 
joints
The S-member stiffness matrices and vectors w 
are formed and partitioned for ail the S-members 
of the structure. However, before proceeding to 
the consideration of the compatibility and 
equilibrium conditions at the connecting joints, 
it is necessary to transform the vectors L f ,  
WiF, and D f  into the frame co-ordinate system. 
The representation of the vectors in the frame 
co-ordinate system is given below:
(.DiF) , ,= T FD iF 
(LtF) " = T FL tF (12)
where TF is the transformation matrix o f S- 
member F  and is formed from the appropriate 
direction cosines of the S-member co-ordinate 
system with respect to the frame co-ordinate 
system. The representation of the submatrices
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in the frame co-ordinate system is given 
by the congruent transformation:
(Ri}F ) " = T FR {}F(TF)T  (1 3 )
n o t e : In  order to keep the formulation as 
simple as possible, the use of double primes in 
relations (12) and (13) will now be discontinued, 
despite the fact that vectors and matrices are all 
relative to the frame co-ordinate system.
Compatibility conditions
Compatibility at the connecting joints requires 
that the displacement at a connecting joint must 
be equal for all the S-member-ends participating 
• at the joint:
D t= D i A (1 4 )
where the superscript extends to all S-members 
participating at the connecting joint /.
Equilibrium conditions
The conditions o f equilibrium at a connecting 
joint i  require that the end-forces L i  of all the 
S-members participating at the joint must be in 
equilibrium with the externally applied load Wi\
iv , = s l i a (15)
A  ■
where the summation extends to all the S- 
members participating at the joint /.
Relations (14) and (15) combined with 
relation (11 a) give rise to the following equilib­
rium equation of the connecting joint i:
w t - Z # t A= 2:2 £ u AD j ' (1 6 )
A  A  j
Relations similar to (16) are written for all the 
connecting joints of the structure, giving rise to 
the following system of equations:
JV*—K * D  (1 7 )
where:
K * is the ‘Stiffness matrix of the structure’. I t  is 
symmetric and, provided that the structure is not 
a mechanism, is also non-singular and positive 
definite.
D  is the displacement vector o f the connecting 
joints. ^
JV* is an ‘equivalent load vector’ acting only at 
the connecting joints, and producing the same 
displacements at these joints as the original set 
of loads. JV* is given by:
j y * = W - W  (18 )
where IV  is the external load vector acting at the 
connecting joints and JV is the set of forces that 
maintain the equilibrium of the structure while 
the connecting joints are prevented from dis­
placement.
In  order to clarify the assembly of matrix K * 
and vector IV, the analytical form of K *  and JV 
is given in figure 4.
Solution of equation (17) gives the displace­
ments of the connecting joints, relative to the 
frame co-ordinate system. The appropriate 
reciprocal transformation is performed to give 
the displacements of the connecting joints of an 
S-member in the relevant S-member co-ordinate 
system. The detailed analysis of each S-member 
is obtained by back-substitution.
The displacements o f the internal joints o f an 
S-member are given, relative to the S-member 
co-ordinate system, by relation (8), and the 
internal forces o f the individual members of the 
S-member by the force-displacement relations (2) 
completing the analysis.
Partially Constrained* joints 
Partially constrained joints may appear in the 
analysis either as internal and/or as connecting 
joints. However, before proceeding, it is necessary 
to distinguish further between conformable and 
non-comformable partially constrained joints. 
Conformable joints are those joints where each 
constraint is parallel to an axis.of the appropri­
ate co-ordinate system. It  is obvious that such a 
distinction depends entirely on the directions of 
the co-ordinate system. One o f the factors for 
defining the (S-member or frame) co-ordinate 
systems is to minimise, or even make zero, the 
number of (internal or connecting) non-con- 
formable partially constrained joints. A  tech­
nique which deals with such joints is given below 
very briefly. A  more detailed account o f the 
technique is available [2].
(i) Internal partially constrained joints
(a) Conformable. The elements of the row and 
of the column of the unreduced stiffness matrix 
k  of an S-member, corresponding to a constraint 
are replaced by zeros except for the element on 
the leading diagonal to which a non-zero value 
is assigned. Also the corresponding element o f
*  la  any particular type of structure, a joint-can have a 
certain maximum number of degrees o f freedom. A  jojnt 
is said to be ‘partially constrained’ if  it possesses at least 
one degree of freedom but less than the possible maximum.
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the vector w is set zero, and the procedure 
repeated for all the constraints.
(b) Non-conformable. The rows and columns 
of k  and the rows of w corresponding to the non- 
conformable joint are transformed to another 
co-ordinate system, where the joint is conform­
able and the procedure described above is 
applied.
(ii) Connecting partially constrained joints 
The procedure as described for the internal 
conformable and non-conformable joints is 
applied to the structure stiffness matrix K *  and 
vector W *  prior to the solution of the system.
S-members of higher level 
The structure has so far been considered as 
consisting of S-members. The technique is now 
extended further by introducing any number of 
intermediate steps between the S-members and 
the structure. Thus, assemblies o f S-members 
are denoted by S2-members and so forth. The
procedure is indicated diagrammatically in 
Table 1
Table 1
STRUCTURE a+b+c+. . .
S"-members f f + 6 + c + . . . . . .+x+y
Sn_1-members a+b+c+. . . . . .+x
S-members fl +  A +  C
S-members a+b
Members a
where a, b, . . . , z represent the necessary and 
sufficient conditions of equilibrium to be satis­
fied at each stage of the analysis. Thus, ‘n’ is the 
static equilibrium of the two-end member. 
These conditions are satisfied a priori in the 
derivation of the member stiffness matrices 
K llt K 12, K 2l and K 22. I t  can be shown that these 
matrices are such that ensure the static equilib­
rium of the end-forces Ptj and Pji. Conditions 'h'
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" ' ~ V ~ V ' ~ \  y ^ N
B1 | B2 ! B 3 B5 B6
A2
v \
v* — S
,*2
Figure 5.
have been discussed in the derivation o f the 
S-member stiffness matrix.
To proceed from a level shown in the table to 
the one above, it is necessary and sufficient to 
consider only the new conditions. Thus, to pass 
from S-members to S2-members, it is necessary 
and sufficient to consider the equilibrium of the 
joints of the S2-member and obtain relations 
similar to that o f relation (3). Eliminating the 
displacement vector of the ‘intemaljoints’ of the 
S2-member, the stiffness matrix K  o f . the S2- 
member is obtained together with the equivalent 
force vector w and the analysis can proceed to 
the next higher level until all the conditions are 
satisfied. A t the final stage, a set of load-displace- 
ment equations (similar to equation (17)—  
relating forces and displacements only at the 
connecting joints of the S”-members) is con­
structed. Solution of this system gives the dis­
placements at the connecting joints of the Sn- 
members and the analysis then proceeds down­
wards.
An analogous technique for the flexibility 
method has previously been described [3].
Structures divided into ‘identical’ S-members 
One of the important applications of the tech­
nique discussed is the case where the structure 
can be divided into ‘identical’ S-members. Two 
S-members are considered to be identical if, 
irrespective o f their position in the structure, 
they have the same geometry, topology, elastic 
properties o f the constituting members and
identical degrees o f freedom at their corres­
ponding internal joints. It  is emphasised that no 
restriction is imposed upon the directions of 
constraints of the connecting joints and also on 
the loading of the S-member. Consider, for 
example, the three-way grid of figure 5, under 
arbitrary loading.
The structure has been divided into S-members 
A 1, A i, B i, B2, B y  B4, B y  and B6, where:
A 1 is identical with A 2 and
B i is identical with B2, By, B4, B$ and B6.
Furthermore, the S-member co-ordinate systems 
are chosen such that identical S-members will 
have the same data (except, in general, for the 
internal load vector w) when referred to their 
own particular co-ordinate systems (e.g., S- 
members A i  and A i  in figure 5).
With the above considerations, it is obvious 
that identical S-members will have equal S- 
member stiffness matrices R, in their own 
S-member co-ordinate systems (e.g. R A 1  — R A~ 
and R B 1  =  R B- = . . . .  =  R BG). On the other 
hand, since it was assumed that the internal load 
vectors w are not the same, then the equivalent 
vectors w o f identical S-members are different. 
However, this problem can be tackled easily 
during the derivation of the S-member stiffness 
matrix R  in the following manner:
Consider, for example, the identical S-members 
B i, Bi , . . . ,  B6 whose internal load vectors are 
u,m, wB2, . . . ,  respectively. During the 
derivation o f the S-member stiffness matrix
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R B l of B i ,  the matrix k 2l m { k xxBX) - L is post­
multiplied by a matrix \vB , whose columns are 
the internal load vectors n,B1, h,ZJ2, . . . ,  ;rB6,
k 2XB 1( k x lBX) ~ xH,B = \ v B (18)
the resulting matrix n,B contains, as columns, 
the equivalent load vectors >PB1, iPB2, . . . ,  w BG.
The S-member stiffness matrices R  o f all the 
different S-members of the structure are formed 
and partitioned (e.g. into RtjA 1  and R mnB1, 
where i , j  and m , n extend to all the connecting 
joints o f A i  and B i respectively). The sub- 
matrices of the rest of the S-members are 
obtained from Ri) A 1  and R mnBX considering 
the correspondence o f the connecting joints of 
the identical S-members. The submatrices Ry  
and the vectors of every S-member are 
transformed into the frame co-ordinate system 
and the analysis proceeds as in the previous part.
S p e c ia l to p ics  in  th e  case o f  id e n t ic a l S -m e m b e rs  
In order to take advantage of identical S-mem­
bers in some types of regular structures, it is 
sometimes necessary to ‘cut’ a member. The 
case where the boundaries of two S-members cut 
a member across has already been mentioned 
and can be treated by introducing a fictitious 
connecting joint. The other case arises when a 
member lies along the boundaries of two or 
more S-members. Then the member could be
either included completely in one S-member or 
‘cut along’ and included in  p a r t s  in different 
S-members. An alternative applicable to both 
cases is to exclude the member from the S- 
members and consider the member itself as an 
S-member.
A  structure can sometimes be divided into 
S-members which satisfy almost all the imposed 
conditions to be regarded as identical, but 
present irregularities with respect to the con­
straints of some internal joints. Such S-members 
can still be treated as identical if  the irregular 
internal joints are treated as ‘connecting’ joints 
in the partitioning o f the unreduced stiffness 
matrix k  of the S-member.
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